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DETERMINATION OF THE INTERACTION BETWEEN
THE PARTICULATE AND CONTINUOUS PHASE IN AN EMULSION
VIA STOCHASTIC FUNCTIONAL EXPANSION

Christo Ivanov Christov

Xpucto UBaunos Xpucrtos. Ounpelerende BIAHMOAEHCTBUS MeKAY YACTHIKOBOH M
HenpepLIBHOii (a30il B IMYJIBCHHE HA OCHOBE CTOXACTHIECKOTo (BYHKLMOHAALHOTO padnoxenns. B pabote
npuMeHseTCs (GYHKUMOHANBHOE pPa3nokeHue BollbTepa-BuHEpa CiyYaiiHBIX 1IpoOLeEcCOB ¢ ©Oa3u-
cHOU (yHKIHEH, SIBNAOLLEHCA MAPKUPOBAHHBIM TOYEYHBIM Cly4aiHev mosneM. Ilpuaumas B ka-
yecTBE METKH ClyyaHHBIA pagmyc cdepsl, pacCMOTPEHO TeYeHHE pa3peReHHBIX 3MYJILCHE W3 mONH-
OACTIEPCHBIX cheprieckux kalens. Iloydyensl ypaBHEHHA g Anep (yHKUMOHANBHOIO Pa3loXe-
Husl. B KayecTBe IpUMepa pellieHa 3afaya o B3auMOJCHCTBUH YacTHYKOBOW M HECymieH dasbr ¢
ICPBLIM HOPSIOKOM TOYHOCTH IO KoHUEHTpalmu. Ilonyyena saMxuyras dopmyna s Cullbl Bla-
HMOJICACTBAA ¥ ITOKA3aHO, YTO OHA 3aBHCHT OT BEPOATHOCTHOTO pacupeilesieHnsi YacTHL IO pa3Me-
pam.

ChristoIvanov Christov. Determination of the interaction between the particulate
and continuous phase in an emulsion via stochastic functional expansion. The Volterra-Wiener func-
tional expansion with a marked point random function as a basis function is employed to treat
the flow of polydisperse dilute emulsions when the mark can be interpreted as the radius of a sphe-
rical droplet out of the disperse phase. Governing equations for the first couple of kernels are ob-
tained and solved within the first order of approximation with respect to the volume fraction of
particles. In order to display the performance of the method proposed a formula for the drag force
exerted by the continuous phase on the particulate oneis derived. It is shown that this force depends
on the probability distribution of radii of suspended spheres.

One of the most important fields of the modern hydrodynamics is the mul-
tiphase flow to whose modelling a vast amount of scientific publications is de-
voted. Roughly, these works can be broken into two major groups: phenome-
nological approach and statistical approach. In the former the motion of a sus-
pension/emulsion is considered as a flow of several material continuums occupy-
ing the same geometrical space. Each of these continuums possesses its own
r_heological properties postulated in a way to obey the general laws of con-
tinuum mechanics and is coupled with the others through specifying the forces
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acting upon a continuum as a result of the presence of the rest of continuums [1].
The statistical approach (see [2, 3]) as a rule plays a subsidiary role to the
phenomenological one helping to identify the rheological and interaction coeffi-
cients.

Statistical approach, however, is much more consistent if the suspension/emul-
sion is treated as a single-phase liquid with random density and transport coeffi-
cients. Then the problem becomes purely mathematical and consits in devising
an effective method for solving stohastic Navier-Stokes equations. For the case
of low concentration of slowly drifting equi-sized spheres this approach is out-
lined in [4, 5] where on the basis of the method of stochasic functional expan-
sions [6] an approximate solution of order ofc) to the stochastic Navier—Stokes
equations is obtained. The stress tensor of the averaged flow is calculated and
shown to be comprised of an orthotropic pressure tensor whose axis of ortho-
tropy is represented by the vector of relative (drift) velocity of particles and a
viscous term which coincides with the famous Einstein result [7].

Further, the method of [6] has been forwarded in [8], [9] where are taken
into account the possible exclusion effects when the spheres are restricted from
intersecting each other and the effective moduli of heat conductivity [8] and elas-
ticity [9] of a suspension are approximately calculated with order of accuracy
uic®). Recently the method of functional expansion has been extended to the
case of basis function which includes still more information about the system of
suspended particles [10], developing the necessary technique of stochastic func-
tional expansions when the basis function is a general marked random point func-
tion.

The present paper is an application of the technique of [10] to the flow of
dilute polydisperse emulsions of spherical droplets. In the last case the mark
associated with a random point can be considered to be the random radius of a
particle.

1. RANDOM DENSITY FUNCTION

Suspension is one of the most instructive examples of random field created by
a system of random points, the latter being the set of centers of inclusions. Such
stochastic functions are called random point functions [11], [12] and their sta-
tistical properties can be obtained fiom the respective properties of the generating
set of random points [11]. The simplest case is when the points are identical and
independent statistically: we then arrive to the so-called Poissen random point
function which is an appropriate model for a suspension if only the inclusions are
infinitely small [4, 51. It is interesting to note here that the finite size affects the re-
sults only in the terms of order O(c?) (see [8, 9]). The more accurate modelling of
a suspension requires to acknowledge not only the finite size of an inclusion but also
the distribution of the size and the relative velocity. This means that the points
cease to be identical and with each of them is associated a random variable (gene-
rally a vector) called mark [12]. In this instance the mark can be the radius of
the sphere appearing at the random point considered, the vector of drift velocity
of this sphere, the set of parameters governing the shape when the particle is not
spherical, etc. Here we shall confine ourselves only to the case when the mark is
just the radius of a suspended droplet in crder to display the method proposed.

The basic random point function is the so-called random density function
[11], defined as
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(1) (p(x):z 8 (x—x;)

where 8( . ) is Dirac delta-function and x; is the set of random points. It is easily
shown that the more complicated random point functions are derived from (1)
through linear transformation [11, 12].

For the case when a mark is associated with each random point x;, the so-
called “‘generalized random density function’ is iniroduced in [10]:

&) o (x; w)=0(2)= "> 8(z—2)),

where z=(x,, Xy, X3, U, ..., 4,) is the outer product of the three-dimensional
geometrical space R? and the m-dimensional mark space U. There are no obstacles
to include the time and it is not done only for the sake of brevity of notations. More-
over, in the present theory of slow-drift suspensions time plays the role of a pa-
rameter. Respectively, 8(.) are Dirac deltas of (m+3)-th order. As it has been mention-
ed above the more complex random point functions are expressed via @, nameley
every filtered random point function is given by:

3) y(x; u)=ffK(x——E;, w)o (&;u) d%d"’usZ K(x—xj; uj).
U j

Let us now, following [11], introduce the probability density functions f, (x;, ..., X,;
Uy ,... u,) forthe sytem random points {zj} ‘n the (m+3)-dimensional space,
i e

(4) AP=f,(%y, ..., %, #y, ..., u)d3%, .. d3%,d™, .. .d"s

is the probability of simultaneous occurrence of n points x each of them with its
mark u in the intervals:

n? n

X;Sxsx;+dy;, w,SuZu,+du, i=l1, 2,...,n

In the case when the points are mutually independent in stochastic sense we arrive
to the Poisson random fuction for which functions f, are decomposed into the fol-
lowing way

5) S fues ).y w= | Iy P @),

where vy is the intensity of the associated counting function and P(&;) is the pro-
bability density of the mark (see [10]). Here and henceforth it is assumed that ran-
dom proccsses investigated are statistically homogeneous, so the number of points
falling per unit volume (intensity of the counting function) is constant.

When there exists a correlation between the position x and mark w, it can be
acknowledged by means of functions f,. For the simple case under investigation
with mark being just a positive real number — the radius of the falling sphere —
we can take into account the requirement of non-overlapping of spheres in the fol-
lowing way

(6) f2(X1, X5 ay, a)=0,,(%,—X,) fi(x; a) f1(xy ay),
where
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ﬂnd .R'JE]‘—QU

Zij—

0..— 0 for ‘\xiij!§a,~‘~a2‘
1 otherwise,

Here is implicitly presumed that if spheres are situated far enough in order not to
overlap they are statistically independent. This random field is obviously of the type
of perfectly disordered ones. It is introduced in [10] and named PDSRR-field
(Perfect Disorder of Spheres of Random Radii) and it is a straightforward gene-
ralization of the eatlier introduced in [8] PDS-field (Perfect Disorder of Spheres).
The higher-order probability densities of PDSRR-field can be specified as

Q) fulXy oo s a0 ,a,)
=fi(xy @) ... filx; a0y, 0l Qoo Qo

Having functions f, one can obtain the statistics (moments, cumulants, etc.)
of the random density function ©. This is possible due toresultsof Stratonovich
[11] which apply to our case:

(©(x; a))=f,(x, a),

(@ (x; a)o(xy, a)=fi(x:a)8[1, 214+f,(x, x5 a;, ay),
(8)
<(D (x1; a) 0 (x,, a)w(x;, a)=f(x,; a)d([l, 218 [1, 3]

+3{5[1, 21 f5(%y, X3 ay, a)+1:(%, X, X3 ay, Gy ay),

where it is denoted for brevity 8 [i, j]=8(z,—z;) and {.}, is the symmetrization
operation. :
For the random density fuction under consideration (8) is reduced to

(o (x; a)=vP (),

(@(xp; a)o (X, a)=vP(a)8[1, 2]+v*P (a)P (a),
&)

{w(x; a)o(x, a) o (X, a)=vP(a)d[1, 218 [1, 3]

+3y? {5 (1, 2]Q,sP (a)P (a3)}s+y3P (a;)P (a)P (@3)0120139,3

2. EMULSION AS A LIQUID WITH RANDOM DENSITY AND VISCOSITY

Consider a homogeneous suspension of spheres of radius a, the latter distri-
buted with density P(a), density p, and viscosity p, (for rigid spheres p,—>co).
The spheres are randomly dispersed throughout a viscous liquid of viscosity pg
and density po. Let us also assume that velocity of a particle is a vector of non-
random direction varying slowly with spatial coordinates but with a random ampli-
tude which is a function of the random radius g, i. e. the amplitude is not an inde-
pendent stochastic variable. This situation is easily attainable when the drift Rey-
nolds number is small and therefore the relaxation time is short. Then the parti-
cles move virtually steady and has connection between the velocity amplitude and
radius such as for the terminal velocity. A typical pattern of the flow under con-
sideration is shown in Fig. 1. Let us note in passing that these requirements are man-
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Zatory for all the phenomenological approaches if the mixture is to bq considered
zs a continuous medium. In fact they are not specific for the stochast:p z}pproach
Sut allow one to consider locally homogeneous random fields, simplifying deci-

Fig. 1

sively the calculations. So we resort to the listed limitations in order to display the

method in closed form. ,
Under the above assumptions the emulsion can be thought of as a single-phase

liquid with random viscosity coefficient p and random density p expressed as

p=Pat+(P1—Po) D h(x—xj ay),
(10) J |
H=ttg (i — o) D R (X — X5 ay),

J

where summation with respect to index j runs over all the random points x, at which
the centers of spherical inclusions are placed. In this formulae A(x) is the so-called
characteristic function:

e 1 for | x|<a,
(an =10 for | x| >a.
Obviously, the volume occupied by a single sphere is given by:
(12) v, :fh(x; a)dx:% nad,
R3

where subscript R? of the intergral stands for an integration with respect to the entire
three-dimensional space. Henceforth it will be omitted for the sake of brevity without
fear of confusion.
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Making use of the random density function of the previous section one can
recast (10) as foliows:

P="po+(Pr—Po) ffh(x—g;a)m(g: a)d%da,
(13)
H=py-+ (k) — Hyo) ffh(x:é; a)m(f“:; a)d35da,

where integration with respect to a is over the interval [0, ). In the same manner
the body force is expressed

(14) .ﬁmﬁffm—AMWJQ@w@aw&m

where f, can be a random function of (%, a;). The last formula implies that the
stochasticity of the body force is in concert with that of particles which is a comple-
tely natural assumption since the external body forces are connected with the mate-
rial of the medium.

The volume fraction (concentration) of the particulate phase is

(15) c=<ffh (x—g; aa (E; a}d“gd@:yfVaP (a)da=vV,

where V is the averaged volume of a particle.
In the same manner one gets

(16) Pr=po+(py—po)c,  (W=(1y—Ho)c+Ho.

Here < p> is not the effective viscosity of emulsion and even <pu> —->owhen the
particles become rigid.

Having now the coefficients p, pn and the external body force f one can state
that the flow of emulsion is governed by the stochastic Navier — Stokes equations
(sce [4, 5]

a7 Pl%+(”-v)v]=—VP+V(HV")+f

and the stochastic equation of continuity

(18) L 1y (n=0,

where v and p are the random fields of velocity and pressure, respectively.

3. METHOD OF FUNCTIONAL EXPANSION

In the model proposed the only source of stochasticity is the random density
function . Naturally the most effective way to treat the stochastic differential equa-
tions which define a nonlinear operator transforming the random fields of coeffi-
cients into the random fields of solution is to develop the random solution into
series with respect to ®. The general way‘of doing that is outlined in [10], but it
is not always possible to render the functional series orthogonal. Fortunately, in
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the present case its still possible if Charlier polynomials are introduced (see for
Cefinition [13]) in the same manner as it is done in [8, 9] for the PDS-field.
Following these works we write:

(19) Co(ips - - Yii e @) =00y a)o Wy, a,)—8i, i)l

e oy a,-n)—S[il, i—...=8li, . 7]
—Y{Z o(y;, 5 @) [0, ap1-80 1. - - [e@y; s a,_1)
(n, n—1)
_S[jlv jn—l]— CE _‘S[jn—zf jn»l]] P(ll_,'n)}
+ .. +(—Y)"—22 oy a;) oW, a,)—8 j,)l Pla;) ... P(a;)
(n, n—2)

n .

+(—v)"—lz oy, a)POn) - . P(yy.y) - PO)H(=1)"P(p) - .. P(p,).

v=1

Being reminded of the average characteristic of the random density function @ one
obtains:

(CN=1, (C(y; a))=0,
<Cg)2)(y1, Vi ay, a))=—7*P(a,)P(a)R,,,
(20) <CS)(.V17 Yo V33 @y @y, a3))=7P(a;) P(a,)P(a,),
X {Ry;Ry3+ RysR3+ Ry Ry, — R,R,R 51,

<C8)(y1’ e Vo Q. an)>:YnP(al) c ‘P(a")’

X{% n(n—1) — linear form of —; n(n—1) functions R,
i, j=1, ..., n. The least order is (n—1)}.
The fact that C®is at least(n-1)-linear form of functions R;;means that< C(y™>=0
only if all of the arguments y; are well separated, i. e. | y,—y; | 2 a;1+a;. Respective-
ly < Cy{™> # 0 is to be expected if at least(n—1) pairs y,,y; of arguments are closer
that the corresponding value @;+a;. For instance < C,(¥> #0 when 'y, — Yol La+a,
and |y,—~y, £a,+a; regardless of the relationship between y, and y;.
It is seen that the stochastic polynomials are not centered and orthogonal for
arbitrary values of their arguments. Nevertheless the functionals

(21) COUFI=[f .. SR —p1 oo X—P5 a1y - - 0 @)
XCf,;’)(yl, o Vo @ . - a)dPyiday . .. dPyda,
can be rendered centered stochastic variables assuming that (see [8])

(22) Kfv")(yl, . YV @ ..., a)=0 if even for a single pair of indices i,
J bolds [y;,—y;| £a;+a;.
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It is clearly seen that the asymmetry between the spatial coordinates and marks
from (3) is retained in (21) which is the main point in constructing functional series
with respect to the marked random point processes (see [10]).

The requirement (22) is completely natural for the case under consideration
and leads to no loss of generality since in a system of spheres one never has a pair
of points y,, y; situated closer than a;+a;. Then due to (22) one has:

3) (GDIFY=0, n=1, 2, ...

Moreover, Eq. (22) yields that functionals (21) are orthogonal in stochastic sense
The proof is similar to that for PDS-field [8] and we just state here the result

(GDF] G [H])=0, n+m,

4)  (GPIFIGLTHY =S . . . KL=y o ¥ —¥us b b)

XK(I’;)(x'_'xll s ey x_xn; al! e an) ZM((E) (yi)’ xkl; bi‘l’ akl) et Mg)(yin’
1
X5 b, a) &3y, d*xda,db, . . . d%,d%x,db,da,,
where
(25) MQ(y, x; b, a)=7P(b)3(y— x)8(a—b)—y*P(a) P(L)R(y — X)

=(CP; b) CP(x;a).

The formula for the third moment can be obtained through obvious genera-
lization of the respective formulae of [6] and [8], but it is too cumbersome so
we shall cite here only the expression for the third moment of the first-
order Charlier polynomials :

(26) MY (x, 9, 2; a, b, )=(CS’ (x; a) C (»; b) C (2, c))=yP(a)d
(x—»)8(x —2)8(a—b)d(a—c) — 37*{8(x —y)d(a— bYR(x —z)P(2)P(c)}
+P[B{R(x—y)R(z— 2)}, —R(x — y)R(y— 2)R(z — X)| P(a) P(B)P(c).

Here it should be mentioned that the kernels K® are symmetric func-
tions of the spatial coordinates which is due to the symmetric properties of
the Charlier polynomials C,™.

Now one can expand a random point function into functional series
with respect to the PDSRRfield. In particular for the velocity and pressure
of the stochastic liquid considered in the present work one has:

(27) v=u(x, 1)+ [[KCx—E a; ) (x; a)d%edat . . .
+if.. L JJ K™ (x—gl, C }—E’n; a, ..., a)cy (El, R _E_:,,;al, Ceaa)
X d3E,da,, . .. d°E,dat . . .
@8)  p=4(x. D+ QVE—E a; NCO (E; @) dFda. . .
I OME—Ey, . x—Eg ay .., a)CR B B e @)

+d%da, ... d°E, da,t ...
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We name the above expansion PDSRR-Wiener expansion.

Obviously #(x, t) is the ensemble averaged ve1001ty of the emulsion and
coincides with the mean-volume velocity defined in the multi-continuum theo-
ries. The mean-mass velocity is defined as

(29)  w(x, )= <<p;>>f—_-u+c <p> {ff h(x; a) KV(x; a)P(a)d*xda

—fff.[‘; h(x,; @) KO(x,, ay) RlzP(al)P(az)d3x1d3x2dalda2}'

It is convenient also to introduce the mean velocity of the particulate phase accord-
ing to the formula

(30) u,=ffh(x; a)o(x, a)d*xday=cu(x, t)
+8 { f f £ W3 KOs 6) F(@) % da

2
_Ti?ffffh(xl; a;) KO (x,; a,) Ry, P(a)P(a)d*x,d*x, da,da,}.

Respectively, for the velocity of continuous phase we have

(3D Hy=u—u,
and then
(32) (P)W=Polty+ Pyt =Po(1—C) vy +p,cvy,

where is denoted #,=(1—c)v, and u,=cy», in order to catch up with notations
of phenomenological theories where v, and v, are called “weighted’ velocities |1 ].

4. EQUATIONS FOR KERNELS
4.1. Some preliminaries

As has been argued above the stochastic fields are considered locally homo-
geneous so we neglect derivatives with respect to ‘‘global” coordinates in compa-
rison with the “local’ derivatives. In addition the time ¢ is considered as a parame-
ter. For this reason the global coordinates are already omitted in (27), (28).

For velocity gradient under these assumptions we have:

(33) vr=Jv.KO(x—E&; a; 1)CPd% da

Ve, Ve KD —Ex — E5 @y, a; DCPOBE, daydE day+ . . .

Here and henceforth the higher-order terms are discarded. All of the character-
istic features of the method proposed are fully displayed by the first two kernels.

In the same manner the pressure gradient is manipulated.

Turning to second derivatives we do not face any additional difficulties in
repeating the differentiation according to (33).

More complicated is the problem of calculating the time derivatives of v and
D because time ¢ enters the picture through the random density function due to the
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fact that the random points generating the random density function are moving
throughout the space. Let us denote the velocity of a particle by v,. Then

(34) 4350 _y (a)).

It is seen that v, is a random variable which depends solely on the radius of sphere
a and, perhaps, on ¢ or x. The last dependence, however, is much weaker than on
a so we disregard it. After neglecting the ““global”’ derivatives one obtains:

(35) o —ffvp.VEK‘l’(x——E; a; Nd%daC E: a)

—[[If(x{ay), Ve, +vi(ay). VEz)K(Z)(x_Ep X — gz; ay, a,; t)Cg)d3§1d3&zda1d2 .-

The crucial point here is that v (a)=v,(a)v°, where »° is a constant vector represent-
ing the drift vclocity and therefore the integrals (35) are of the same type of the ori-
ginal expans1on (27) and only K)(a))is replaced by v {(a;)K®(a,). The latter means
that (35) is averaged in the same manner as (27).

Being consistent with the assumption of low drift velocity we shall in the fol-
lowing neglect the second order terms with respect to kernels K in comparison with
first-order ones since K is of drift velocity order. The nonlinear effects are examined

in [5], where it is shown that they lead to an orthotropic pressure tensor for the
averaged flow. Further

-

(36) p 5= 5 —(®) [ [r0- vk (x5 & CYaE da
—(O) I 0 (@) Ve, 75 (@) . AL KR (2 —E,, x—E53 a,, @) COdE, P E, dayda,
C = (pi—po) A (x—E5 a)¥,(@). Ve, KV (x—E) CICLPE, d°E, dayda,
—(pl—pomfmh(x—é'a; a0 (@1) - Ve, +,5 (@) . i) K® (x—E,, x— 5 ay, @)
COE, &; a, a)CC OE,; a;) d*E, P, d°E, da,da,da, - .

(37) PO V) v=(p)u.yut+(p)J KV (x—E; a). yuCOdE da
+(p)u. Jfy KD (x—E; a) COE da
OV . (Ve +Ve) H (VT KD (4= E,, x—E,5 a,, a))

5 CPE,, &y ay, ) P8, d* Exdaida, + (p,—po)u. yuffh(x—E ; Q) CHd*E da

(01— po) [l A(E—E3a )lu. v, +(v )T KD (e —Ey5 @)

X COCOISE, d*E, da,da,
+O1—00) [IIff [ . (Ve +Ve) + (v )T] KP (8, X—8,; 4y, a)

s h(—xty; a) COE, £y ay, a) COEy ap) d3E, dOE, d¥E, daydadas+- . . .,
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(38) pr=(p)u+(p)Jj KV (x—E; a) CPd*E da
HO) I K? (£ —E, 6~y a,, a)) COPE, d* E, da,da,
(o1 —po) u [ h(x—E; @) CPd*E da
+(py—po) M1 h (x =8y ) KV (—E;; ) CCOd?E, d°E, da,da,
+(py—p) IIIIIh (—Ey; a) KD (x—E,. x—Ey ay, a) CPE, 5 ay)
x COE,, Epy ay, a) d*E, d>E, d°E, dada,das+ . . .
In the end the viscous term is given by
(39 =W v a+(W [y KV (x—& a)COd*E da
) v [Th (x5 @) COAE da
T 11 Ve, +ve) K (5 —E0s £—855 @y, a) COPE, & E, dada,
H— ) T h (X —E,; a) v KV (x—E,, @) CDCYdE, d°E, da,da,
(o) IS~ a)(ve,+Ve) K® (x—E, x—8,5 a;, @)

X CEs; a) CRE, &y ay, a)d3E, d*E, d* Eyda,da,day+ . . .

4.2. Equations for the average quantities (Zeroth-order kernels)

The mere averaging of Eqs (27), (28) with formulae from the previous sub-
section acknowledged gives a system for the average characteristics #, g,<p>.The
averaged equation of continuity reads

(40) 2y (pyw)=0,

or, which is the same,

00(tp) +v.-(p) u)=—v-[€(p,—po)ff%h(x; a) KV (x; a) P(a)d*xda

2 . &
41) _l_i/_z’/‘fj fh (1 @) KV (x,; a)) R,P(a) P (ay) d3x1d3x2da1daz].
The averaged equations of Navier—Stokes yield the following:

@2) @5 o=y e+

+v. {(u)v u 4+ (B —Ho) € ff_llf_h(x; a) K (x; a) P (a) d3xda}.
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One should be reminded here that derivatives in (40) — (42) are with respect to
the global coordinates and they are retained since there are no derivatives with res-
pect to the local coordinates.

Eqs (40), (42) and (29) form the set for estimating the zeroth-order kernels.
This set, however, is not closed unless kernels KU, K@, 0 and Q@ are specified.

4.3. Equations for the first-order kernels

Here and henceforth we shall consider only terms of order y? or ¢? and less
since we display the method only within an accuracy of 0(c?), This is possible due
to the virial properties of the PDSRR-Wiener expansion which are proved in the
same manner as for Poisson — Wiener expansion in [6] and PDS-Wiener expan-
sion in [8]. Viriality means that each higher-order functional contributes to the
averaged quantities a value proportional to the corresponding degree of concentra-
tion ¢ or intensity 7.

Following precisely the idea of [6] we multiply (17) and (18) by C,)(0, @) and
take the ensemble average. The second equation gives

(43) —(py—P) Y P(@)vy(a). v h(x; a)
+YP@v.Kp)K® (x; a)+(p,—po) h(x; ) KV (x; a)]

+(P1—P) 1P @ [[%,(B). vh (X —E B)RE; a+b)d*E P(b)db
—7 P @ V. {Kp)+(ps—po) k(x5 @)] [[ K (x—& b)RE; a-+b)P ()
X d3E db+(p, —po) KV(x; a) [[h (x—E ; B)R(E; a+b) P (b)d>E db
+(@1—po) TR (x—E; HEKV(x—E B)RE; a-+b) P (b)PEdb)
—7 P@)p,—p) V- {u[fh(x—E; HRE; a+b) P (b)d>Edb
2 [[h(x—E; B)KD (x, x—E; a, bYP(b)dEdb),

5
where the symmetry of kernel K@ with respect to the spatial coordinates is acknow-
ledged. From the momentum equation it is obtained:

(44 —YP @ p)+(p,—po)t(x; a@)]v, (). VKV (x; a)
+12P (@ [ Kp)+(p1—po) h (X —E; B)] ¥, (B). v KD (£ —E; B)R(E; a-+b)P(b).d*E db,
 —YP@v(@).VKP (x; ) fh(x—E BRE, at+b)PB) P Edb
— 2P (@)h(x; @) [fv, (B).ve KV (x—E; B)R(E; a-+b)P (5)d°Edb
—2(p1—po) P P(@) [[A(£—E; by, (B). (ve, +Ve) K2 (x—E; x; a, b)
X[1—RE; a+by] P (b)dPEdb
(P =P - VuY P(@h(x; a)—y[[h(x—E: B)RE; atb)P (byd*E db)
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+y P(@Kp)+(p1—po)h(x; @) {u.vKV(x; &)+ KV (x; a).yu
[l v+ WKV (x—E; B)RE; a+b)P(b)d*E db)
2P (@)py— o). yH§ W) 1ED (x5 @) JJh(x—E; B)RE; a+B) P (B)d>Edb

272 P(a)(p,—po) [[h (¥ —E; B —R(E; a+b)lu. (Ve,+Ve)
4+ (yu)T. ] KD (x—E, x; a, b)P (b)d*Edb

P (@)p1—po) [Jh(X—F 5 Bay+ (v 0)T. 1 KP (x—E, b)R(E: a+b)PB)d*%db
— P @y QP (% )~y [ OV (x—C; BYRE; atb) P(b)d>Edb

Y P@Ii—fo k(% =7 [[(fi—f)h(x—E; HRE; a+b) PB)d>Edb

+YP@v. w+W—r) h(x; )llyK?Y (x; a)

Y[ VK (£ —2; BR(E; a+b)P(b)dPEdb]
(- no) vulh(x; @)1 [[h(x—E; BYR(E; a+b)P(b)d°Edb]
() YW KD (x5 @) [[h(x—E; BRE; a+b) P (B)d°Edb

() VB (F—E; b)y K (x—E; B)RE; a+b)P(b)d*Edb

F(— 12y TR (x—E; BY(ve,+ ve) KO (x—E; % a, b) P (b) d°E dby.

4.4. Equations for the second-order kernels

Equations for the second-order kernels are obtained by multiplying (17) and
(18) by C,¥ o0, z;a, b) and taking the average:

(4%) YP@P®B)V.-2(0)K?(x; x—2z; a, b)

+(p—po). 21k (x; @) +h(x—2z B K?P(x, x—2; a, b)
+(P1—po)l1 —R (2 a+b)llh(x; @) KO(x—2 ; B)+h(x—2; b)K™ (x; a)} =0,
(46) —(p,—po)2[h(x; a)+h(x—z; B[ (@)+v,(b)].vK?(x, x—2; a, b)
—(py—po)[A(x; @) (b).yK V(% — 25 b) -+ B(x — 2 bv (@) y KV (x;a)|[1 — R(z;a-+-b)]

+2{p)K?(x, x—2; a, b).yu
F(p—po)i(x; Q) KV (x—2; b)+h(x—2z; b)KV(x; a)].vull—R(z; a+b)]
+(p1—po)u.[b(x; ) KV (x—2; b)+h(x—2; b)KV (x; a)][l-R(2; a+b)]
+(pi—po)2[h(x; D+h(x—2z; b)a.y+(yw)T.1K?(x, x—2; a, b)
==2y0?(x, x—z; a, b)+v.{yK?(x, x—2; a, b)
X [+ (1, —pollh (%, a)+h(x—2z, b)]]

+ (b —p)1—R (z; a+0)]lh(x, @)y KV (x—2, b)+-h(x—2; D)y KV (x; a)l}"
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5. DECOUPLING THE HIERARCHY OF EQUATIONS

The presence of the small parameter ¢ (or which is the same — ) in the go-
verning set of equations for kernels enables one to seek for a solution in the form
of asymptotic expansion with respect to the small parameter:

KV=K"+yKP+ .., KE?2—KP+yKP+ ...
(47) ’ ’
0P =0 +v 0"+ ..., D=0 +y 0P+ . ..

Introducing these formulae into equations we get two closed systems for kernels

Ko, Ko, Qo(l), QO(Q):

(48) —(Py—pPa)Vp(@). VA(x; a)
+v.[po KS" (x5 a)+(p,—po) (x5 a) K§® (x; a)}=0,
(49)  —pevp(@) . VK (x5 @)—(p,—Po) v, (@) . VK (x5 @)h(x; a)

+(Py—Po)#. Vah (X &)+ [po+(py—po) k(x5 @)lw. v+(Vu)T.1K:" (x5 a)
=—v 0 (x: O+(fi—f)h(x; a)
+V- {lro+ =) A (x5 D]V (x5 @)+ —po) vah(x; a)},
(50) 2p,v. K (%, x—2z; a; B)+(p,—po)v. {2[h(x; &)+h(x—2z; B)] K
+[1—R(z; a+b)[h(x; KPP (x—2z; B)+h(x—z; DK (x; a)]}=0,
(51 —(p,— P =R (z; a+b)lh(x; a)v,(a). VK (x—2; b)
+h(x—z; b)v,(d). VK" (x; @)]+2p, K2 (%, x—2; a, b).yu
—2(py—p)lh (x5 @) +h(x—z; By, (@+v,(B)]. VK (x, x—2; a, b)

+H(Pi— Pl —R (25 a+blh(x, a) Kk —2; b)+h(x—z: K (x; a).yu
+(pi— Pl —R(z; a+b)u.lh(x; a) K (x—2z, B)+h(x—z; H)KP(x; a)]
+(p,—po) 2[h(x; @) +h(x—2; D). y+(vu)'.1KP (x, x—2; a, b)
=—2v0P (%, x—2, a, b)+vy. {yEP (x, x—2z; a, B)po+( —p A (x; a)
+ L —H) A (x—2; B+ (u—m)l—R(2; a+b)]lh(x; @)y K (x—2; b)
+h(x—z; YK (x; )]}

As will be seen further the interpretation of kernels Ky, Q¢! is very impor-

tant. They can be viewed as the velocity and pressure created by the motion of a
single particle in addition to the flow velocity u.

For kernels K{" and Q{" we have
(52) V. {(P1—po) VK" (x5 a)+po Ki” (x5 a)+(py—pp) h(x; @) K" (x; a)}
H(pi—Po) [[v,(@). v h(xX—E; B)R(E; a-b)P (b)d*Edb
—V H{IPo (P =) i (X3 D] KL (x—E; B)+(p,—plKS” (x: @) (x—E; b)
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th(x—E B)KD(x—E; B}RE; a+b)P(b)dE db

—(Pi— P V. I {uh (x; @)—2h(x—E; B)KD (x, x—E; a, B)}P (b)d*Edb = 0,
(53)
~(P1—P) Vv, (@). VES (x; @) —[po + (Py—p) B (x5 @)]v,(a). VK" (x; a)

+polfv, 8). VK" (x—&; B)R(E; atb)P(b)d*Edb
(=P [T (5—E; B, (5). v KS" (x—E; b)
Th(x—E; B)v,(@).vES (x; a)
thix; v, (8). VK (x—E; B)RE; a+b)PB)d*Edb
—2(p1—po) [[h(x—E; B)v,(b). VK (x—E x;a, B)[1—R(E a-+b)PBb)d>E db
— (Pi—ru.vulfh(x—E; BRE; at+b)PB)d*tdb
+(pi—f) Vo lu. v K (x; @)+ K3 (x5 a). yu]
+Hlro+(pi—ro)h(x; allv. vKi(x; @) + K" (x5 @).v4]
—IPo+(Pi—p) (x5 @] Jf[n. v+ 1K (x—E 3 B)R(E a+b)P (b)dEdb
—(ps—polu. y+ ()T 1K (x5 @) [[h (x—E; B)RE: a+ b)R () d°E db
(=P [ h(x—E; B. y+(y )T . 1K (x—E; B)RE; a+b) P (b)d°Edb
Py —Po) [[ h(x—&; 1 —R(E; a+b)][n.y+(v ). 1KD(x, x—&; a, b) P (B) P E db
——v 0" (x; ) +[10V(x—E; HRE; at+b) P(b)d*Edb
+V. 1oV VK (x5 @)+ . {lio+ @, —1o) b (x, @]V K" (x; a)}
—v VK x—E; DR & a+b) lno+(u—io) h(x; @) P(b)d>Edb
— V. [~ VuJTh(x—E; BRE, a-+b) P (b)d*E db]
(=) V- [T —E; By K$(x; @)+h (x5 @)y KSY (x—E; B)] ST P (b)db
T2 =)V SR —E; BVKP (x—8; x; a, HPB)PEdb
—(fi—f) T h(x—E; B)RE; a+b)P(b)d>Edb.
6. GOVERNING EQUATIONS FOR THE PARTICULATE PHASE
The particulate phase occupies the random volume

(54)  V,=[[h(x—E; Qo ; a)d%da=[hx—E; (& a)+yld%E da

9 TIon Cod. ynms., ®aK. MaT. m Mex., T. 77, ka, 2 — MexanpKka 129



and the averaged properties connected with this phase are obtained through mul-
tiplying by ¥, and taking the average, see in this instance Eq. (30). On this base
governing equations for the particulate phase can be derived. Confining ourselves
to the first order of approximation o(c) we retain only first-order kernel~
in functional representation and then multiply the two sides of (17) by ¥, from (54)
and take the ensemble average. Different terms of (17) contribute the following:

() - V.>= (P1—Po) ey ¥
—vp, [[v,(a). VEE; @) h(E; ) P(a)d*Eda
. VWy=yV(p,—pu.vu

+p 0 ThE; Dlu. y+(yu)T. 1KE; @) P(a)d*Eda

ApVy=v][f Qf)])(g; a)h(E'; a) P (a) d3gda

SV=1V (fi—1fo)
V-G V)=11v. 1,V E" € a]lhE; a)P (@) d*Eda

Y=g V- lyuh € @lhE; @) P(a) d*Eda

Being consistent with the stated above assumptions we discard the gradient
of the averaged flow y& in comparison with the gradient of the flow created by an
inclusion. Finally, the governing equations for the particulate phase are

69) (e e[ G +u.vu| =10 [HE5 9% @. VK € @ P @d*Eda

FYpu IR E; DUV H)T. +u. v K E; a) P(a)d>E da
=—v[IvO" E; @)k (E; a) P(@) d*Edatc(f,—Ff)
Yy v KD E; Q]hE; a) P (@) d°E da.

The left-hand side of the last equation is the averaged acceleration of the parti-
culate phase. The last term in the right-hand side is the external body force acting
upon the particulate phase and the rest of the terms in the right-hand side are res-
ponsible for the interaction between the particulate and the continuous phases. Let
us denote this force by F_ ,. Then the volume integrals are recast into surface
integrals

(56)  F._,=y f @[-Qé” @ dyntpn.yK® E; a)] dsP (@) da,

where 7 is the normal to the surface of a sphere vector and ds is an infinitesimal area
element from that surface.

7. THE FIRST-ORDER SOLUTION

As has been shown above the complete description of the averaged motion
of an emulsion can be obtained within the o:der of accuracy o(c) provided the ker-
nels KoMand QgD are specified. These are governed by the Egs.(48) and (49) which
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contain discontinuous coefficients. So the solutions are to be understood in the sense

of generalized functions. The latter means that we seek for kernels which are conti-

nuous functions along with its normal derivatives at the surface of a particle.
Within the adopted order of approximation we arrive to the following two sets

of equations:
v.1p, K" (x; @)]=0,

(57 oy [u—7,(@)]. v K K" (x; @)= —v 0" (x; a)
v IV K (x5 @]+ (fi—fo) for |x| Za

and
V[P K (x; @)]=0,
(58)  |polu—v, (). VK (x; )= —y 08’ (x; a)+v.[nvK (x; a)]
for |x|>a
with the following conditions:
(59) @5 @) jx1oa=K"(x; )] x50
|| <a lx|>a

(60) [——Qm(x a)n-[—pl() KY (x; a)J [ ) (x ; a)n

|x[—a

jxi<a

2 (1)
+u0’a” (x a)]|-‘7l—’a
|x]>a

(61) o, K& >0, |x|>o0.

The inertial terms in the left-hand sides of the momentum equations in (57) and (58)
are discarded because of the assumption of slow drift velocity of particles, and more
specificly — of small drift Reynolds number. As a result the problem (57) —(61)
reduces to the well known problem of slow motion of a drop of viscosity p, through
a resting liquil of viscsity p, under the action of a driving force f,—f . Kerncls
Ko, Qo' are the relative velocity and pressure in the moving coordinate system
originated at the drop centre.

The solution of the problem (57)—(61) is known (see in this instance [14, 15]
and one can evaluate (56) as follows:

s
(62) J J— f P (a)[67r|,10 a(v,—u) i‘u—Jr/l“‘i] da
or
(63) F,.p=—6mpy ot Jf;‘“ [[ P (a) av, (@) da—{a)u],

where <<a> is the mean value of the radius of a sphere. Here is tobe noted that

-; <a>3 is not equal to volume fraction ¢. In the terms of concentration (63)

renders to
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TR TRTI (@) P (a) da—u{a)
Hy+H, )

- (64) F, ,=—6my,c

4
R (a®)

It is instructive to calculate the weighted velocity of particulate phase from (30)
and (32). It is easily shown that

V,(,—u) P (a)d 2y P (a) da
(65) y, =1 (x, t)+fzmi£r-'l‘,)a(i')_.“ :f_“_”%.

Only for a monodisperse suspension when probability distribution of the radius is
delta function P(a)=8(a—a,) (64) yields

— —6mu, S [y, —g] Pt ko
(66) F._p=—6mp, a,? [v;—u] 1t Ho

which is usually employed in phenemenological theories.

CONCLUSION

On the basis of the Volterra — Wiener functional expansion the flow of dilute
polydisperse emutilsion is treated. It is found that the force of interaction between
the particulate and continuous phase is given by (64) which depends solely on the
probability distribution P(a).
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