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The principle of least dissipation is applied to the flow 
of a viscous liquid between two parallel plates (plane 
Poiseuille flow). The minimum is found in the class of 
random point functions. A boundary-value problem is set 
up for the kernels of the stochastic integrals, and the 
problem is solved numerically. The kernels are inter
preted as a velocity field created by a unified structure. 
Calculations are made for several values of the Reynolds 
number, constructed from the dynamic velocity. The cal
culated flow characteristics are compared with experi
mental data. 

1. In.stability and the transition to turbulence in plane 
Poiseuille flow is an important problem of the theory of 
hydrodynamic stability. The first approach to the inves
tigation of instability was the energy approach,1•2 and only 
then did the evolution of disturbances begin to be inves
tigated on the basis of the Navier-stokes equations.3 Such 
an approach experienced extensive development (see the 
review Ref. 4) and led to a large number of results in the 
field of the linear and nonlinear instability of various kinds 
of flows. 

Interest in the variational approach to stability has 
recently redeveloped. Malkus5 suggested the principle of 
maximum dissipation of the energy of disturbances. Gol• d
shtik6 formulated the principle of the maximum stability 
of the averaged flow, and on its basis he calculated the 
Icirman constant for plane Poiseuille flow. Christov7 

justified, on a semiempirical level, the possibility of the 
existence of the principle of minimum dissipation for plane 
Poiseuille flow, while it was shown in Ref. 4 that the lower 
critical Reynolds number for the transition to turbulence 
in this flow is well predicted on the basis of this principle. 

In the present article the principle of least dissipation 
is taken as the variational principle, while the class of 
functions for the perturbations is the set of random flows. 

It is assumed that in plane Poiseuille flow only that 
regime (laminar or turbulent) occurs which provides the 
minimum of the dissipation function, 

H [ ('d- 2 J 
[ II ;x) + E dy = min, (1) 

where 'iix is the averaged velocity in the direction of the 
channel axis, v is the kinematic viscosity coefficient, H 
is the channel half-width, and e is the density of the rate 
of dissipation of turbulent pulsations. The functional (1) 
should be minimized under the restriction 

diix -,-,-
11-- = -Ay + u u dy . X Y• (2) 

which is the Reynolds equation for the corresponding ve
locity component. Here A is the' modulus of the pressure 
gradient which generates the flow and -u~uy is the Rey
nolds stress. 

2. To use the princ~ple of minimum dissipation, we 
must have the connection between the dissipation of pul
sations and the Reynolds stress. In Ref. 7 the problem 
was closed semiempirically. Now the minimum is sought 
in the class of random flows. The latter is character
ized by the fact that it consists of impulses identical in 
shape but randomly scattered along the length of the chan
nel. Moreover, let the averaged qilantities depend only 
on the transverse variable y. Then, follmving Wiener, 8 

we have 

~ 

u~ "' I K,(y, X nf<ndt u~ !~ Ky(y. X- ~)/(~)d~, (3) 

where Kx, Ky E L~(-""', "") , while f is white noise, i.e., 

<t(x)> o, <tmt(x +~)>."' L 2 o(x), (4) 

where o (x) is the Dirac delta function, ( · ) denotes aver
aging over the ensemble, and L2 has the dimensionality of 
length. Substituting (3) in the equations for dissipation 
and for turbulent stress, and also allowing for (4), we have 

€ 2PL2 j [(aK,)l + (aKy)2 + .2_ (:Kx + aKy)l]d~, (5) 
-~ a~ \ ily 2 ay il~ 

and 

(6) 

Accordingly, from the continuity equation it is easy to ob-
tain · 

aK,, aKr 
--+ --= 0. 
a~ ay (7) 

And the variational problem (1), (2), (5), (6), (7) is the 
stochastic realization of the principle of least dissipation. 

3. The Euler-Lagrange equations for the minimiza
tion of the flinctional (1) under the restrictions (2) and (7), 
with allowance for (5) and (6), have the form 

diix 
-2-

dy 
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FIG. 1. Average - veloc ity Reynolds 
number Re (1, 1') and total dissipa tion 
D (2, 2') in mid-channel as functions 

of Re. 1, 2) laminar reg ime ; 1', 2') 
turbulent regime. 
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To these equations we add (2) and (7) and we obtain a closed 
system. By introducing the stream functions 

and the dimensionless quantities 

1/1 = vv;J; 1/1', y = Hy', ~ = H~'. 
lix = u'u' (u' -= v'TATH}, 

we obtain the system 

Hu' 
Re =--, 

p 

( 
du 32 1/; d2 

u ill/; ) I 
2--- +---- = -'V'Vl/1, 

- dy any dy1 iJ~ Re · 

~ ill/; ill/; I du 
-y - f d~ = - -. -

-~ iJy iJ~ Re dy 

with the bowtdary conditions 

ill/; ill/; 
- =- = 0 for y = ±1, 
a~ ay 

~ (fill/1\2 (31/1\2) J ... x"ail + 3;/ . d~ < +oo, 

which signify that the pulsations die out at the channel 
walls and that the energy of the disturbances is finite. 

(8) 

(9) 

(10) 

(11) 

(12) 

4. The boundary-yalue problem (9)-(12) was solved 
numerically by introducing transformations for the ~ co
ordinate, which "compresses" the infinite interval (-co, co) 
into the interval [-1, 1). A nonuniform grid was set up 
along they axis, bunching up near the soiid walls. After 
seeking the function 1/J, on the basis of the properties of 
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FIG. 2. Reynolds stress: Re = 20 (1), 40 (2), 100 (3), and 2340 (4); points : 
Comte-Bellot's experiment for Re = 2340. 
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FIG. 3, Isolines of the function 1/i (coherent strucrures) for Re = 2340. 

the expansion (3), (4) one can calculate all the stochastic 
characteristics of the flow. The calculations allowed us 
to obtain the lower and upper critical Reynolds numbers, 
which proved to be 10 and 17, respectively, and the lower 
critical number agrees well with Orr's result2 in a con
version to the Reynolds number for the maximum ve
locity. Between the upper and lower numbers lies a re
gion in which a nontrivial solution develops only for anini
tial disturbance of sufficiently large amplitude. The dis
sipatiOn D and the average-velocity Reynolds number Re 
as functions of Re are presented in Fig. 1. It is seen that 
the dissipation of stochastic flow becomes less than that 
of laminar flow at the Reynolds number Re = 10, which 
coincides with the lower critical Reynolds number, i.e., 
the appearance of a stochastic solution is consistent with 
the principle of least dissipation. The representation (3). 
limits the application of the principle to the region of 
moderately supercritical Reynolds numbers for the de
scription of turbulence; nevertheless, we calculated the 
evolution of the stochastic characteristics of the flow for 
Re = 20, 40, 100, and 2340, the latter value corresponding 
toRe = 57,000, allowing us to make a comparison with 
Comte-Bellot's experimental data.9 

It turned out that the calculated and experimental char
acteristics of the turbulence are in qualitative or in quan
titative agreement. In Fig. 2 it is seen that for the tur
bulent stresses, in particular, even the quantitative agree
ment with experiment is very good. 

We note that the functions Kx and Ky are interpreted 
as the velocity components of a single surge (coherent 
structure), i.e., 1/J is the stream fwtetion of a single vor
tex. The shape of the surge is presented in Fig. 3 for the 
Reynolds number Re = 2340. It is similar in shape to 
structures from Ref. 10 for the boundary layer at a flat 
plate. 
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