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SUMMARY 

For  t h e  p ressu re -d r i ven  v i s c o u s  f l o w  between two f l a t  p l a t e s  
and i n  tubes ( P o i s e u i l l e  f l o w s )  t he  p r i n c i p l e  o f  m in ima l  d i s -  
s i p a t i o n  i s  app l i ed .  Minimum i s  sought i n  t h e  c l a s s  o f  p o i n t  
random func t i ons .  For  k e r n e l s  o f  s t o c h a s t i c  i n t e g r a l s  i n v o l v e d  
a  boundary v a l u e  problem i s  d e r i v e d  and a p p r o p r i a t e  numer i ca l  
method i s  proposed. C a l c u l a t i o n s  show t h a t  beyond c e r t a i n  
c r i t i c a l  magnitude o f  Reynolds number a  b i f u r c a t i o n  takes  
p l a c e  and n o n - t r i v i a l  s t o c h a s t i c  s o l u t i o n  emerges. Va r ious  
c h a r a c t e r i s t i c s  o f  t h i s  s o l u t i o n  a re  c a l c u l a t e d  and most o f  
them a r e  i n  good q u a n t i t a t i v e  o r  q u a l i t a t i v e  agreement w i t h  
t h e  expe r imen ta l  da ta  conce rn ing  t u r b u l e n t  P o i s e u i l l e  f l ows .  
The k e r n e l s  o f  s t o c h a s t i c  i n t e g r a l s  a r e  i n t e r p r e t e d  as l a r g e  
edd ies  (coherent  s t r u c t u r e s ) .  

T r a n s i t i o n  t o  t u rbu lence  i n  P o i ~ e u i l l e  f l o w s  has a lways been 

one o f  t h e  major  problems o f  hydrodynamic i n s t a b i l i t y .  A l l  

principal t h e o r e t i c a l  approaches t o  i n s t a b i l i t y  has been 

checked on these f l ows .  Reynolds c a l l e d  unstable those regimes 

f o r  wh ich  a  d i s t u r b a n c e  o f  i n c r e a s i n g  energy can be t r a c e d  [I]. 
T h i s  l e d  h im t o  t h e  v a r i a t i o n a l  problem o f  m i n i m i z i n g  o f  t h e  

t ime d e r i v a t i v e  o f  f u l l  energy o f  a  p e r t u r b a t i o n .  A f t e r  i n  123 
Sommerfeld tu rned  d i r e c t l y  t o  t h e  Navier-Stokes equa t i ons  

when i n v e s t i g a t i n g  t h e  e v o l u t i o n  o f  d i s tu rbances  and posed 

the  r e s p e c t i v e  boundary v a l u e  problem h i s  method became t h e  

most popu la r  approach t o  i n s t a b i l i t y  and now an e x t e n s i v e  

l i t e r a t u r e  i s  a v a i l b l e  (see for  i n s t a n c e  survey  137). 

Recen t l y ,  t h e  v a r i a t i o n a l  approach has en joyed some r e v i v e d  

i n t e r e s t .  Malkus [43 i n t r o d u c e d  t h e  p r i n c i p l e o f  maximal d i s -  

s i p a t i o n  o f  d i s tu rbances  i n  t u r b u l e n t  f l ow .  G o l d s h t i k  151 
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s t a t e d  t h e  p r i n c i p l e  of maximal s t a b i l i t y  o f  t h e  mean-averaged 

p r o f i l e  o f  t h e  t u r b u l e n t  f l ow .  C h r i s t o v  d iscussed i n  [6] t h e  

e x i s t e n c e  o f  a  k i n d  o f  l e a s t  r a t e  o f  d i s s i p a t i o n  p r i n c i p l e .  I t  

t u r n e d  o u t  t h a t  t h e  p r i n c i p l e  o f  m in ima l  d i s s i p a t i o n  p r e d i c t s  

t h e  l ower  c r i t i c a l  Reynolds number o f  t r a n s i t i o n  f a i r l y  w e l l .  

Advantage o f  v a r i a t i o n a l  methods i s  t h e  o p p o r t u n i t y  t o  d e r i v e  

somewhat s i m p l e r  equa t i ons  f o r  d is tu rbances.  I n  t u r n ,  t h e  r e -  

s u l t s  a r e  t o  be thought  o f  as bounds f o r  t h e  f u l l - s c a l e  so lu -  

t i o n s  and a r e  more rough as  a  r u l e .  I n  t h e  p resen t  work t h e  

c l a s s  o f  random p o i n t  f u n c t i o n s  i s  cons idered when m i n i m i z i n g  

t h e  d i s s i p a t i o n  f u n c t i o n a l  which i s  a  s tep  ahead o f  t h e  pre-  

v i o u s  a u t h o r ' s  paper [ i ' ]  where t h e  Gaussian random f u n c t i o n s  

a r e  considered.  The e x i s t e n c e  o f  random s o l u t i o n s  i s  named 

" s t o c h a s t i c  b i f u r c a t i o n " .  

P r i n c i p l e  o f  m in ima l  d i s s i p a t i o n  

I n  p a r a l l e l  f l ows  t h e r e  e x i s t s  o n l y  one n o n - t r i v i a l  component 

o f  t h e  averaged v e l o c i t y  - t h e  l o n g i t u d i n a l  v e l o c i t y  zz and 

and hydrodynamic c h a r a c t e r i s t i c s  depend o n l y  on t r a n s v e r s e  

c o o r d i n a t e  2 (see Fig.1) '  t h e  l a t t e r  b e i n g  e i t h e r  C a r t e s i a n  

c o o r d i n a t e  o r  p o l a r  r a d i u s  f o r  channe ls  and tubes r e s p e c t i v e l y .  

The averaged f l o w  i s  governed by t h e  Reynolds equa t i on :  

where A i s  t h e  magnitude o f  t h e  average p ressu re  g r a d i e n t  

and U&U$ i s  t h e  s o - c a l l e d  Reynolds s t ress .  The l a s t  equa- 

t i o n  i s  n o t  c losed.  One o f  t h e  ways t o  t h a t  i s  t o  summon t h e  

p r i n c i p l e  o f  m in ima l  d i s s i p a t i o n  as  an a d d i t i o n a l  e m p i r i c a l  

i n f o r m a t i o n .  The t o t a l  r a t e  o f  d i s s i p a t i o n  i n  t h e  h a l f  o f  t h e  

channe l  i s  g i ven  by ( f o r  p i p e  f l o w  CL i s  t h e  r a d i u s )  

where E i s  t h e  d e n s i t y  o f  t h e  d i s s i p a t i o n  r a t e  o f  t u r b u l e n t  

p u l s a t i o n s ,  d=O refers t o  channe l  f l o w  and U=4 - t o  p i p e  one  

The c l a s s  o f  random f u n c t i o n s  f o r  m i n i m i z a t i o n  

V a r i a t i o n a l  problem (2 )  w i t h  c o n s t r a i n t  (1 )  i s  s t i l l  n o t  de- 

f i n e d  un less  a  k i n d  o f  connec t i on  between t h e  Reynolds s t r e s s  



and t u r b u l e n t  d i s s i p a t i o n  i s  s p e c i f i e d .  I n  [6] those two a r e  

connected th rough  semi -emp i r i ca l  c o n s i d e r a t i o n s .  Here we s h a l l  

f o l l o w  t h e  i d e a  o f  [7] where t h e  d i s s i p a r i o n  f u n c t i o n a l  i s  

min imized over  t h e  c l a s s  o f  Gaussian random f u n c t i o n s .  However, 

i n  t h e  p resen t  work t h e  c l a s s  o f  random p o i n t  f u n c t i o n s  i s  

cons ide red  i n s t e a d  o f  t h a t  o f  Gaussian random f u n c t i o n s .  The 

random p o i n t  f u n c t i o n s  a r e  b e t t e r  model f o r  t h e  s i t u a t i o n  a t  

t h e  t h r e s h o l d  o f  i n s t a b i l i t y  where t h e  d i s t u r b a n c e s  occu r  

seldom and t h e  random process  r e s u l t e d  can be cons idered as a  

random p o i n t  f u n c t i o n .  L e t  us  a l s o  assume t h a t  v e l o c i t y  f i e l d  

depends on t i m e  t as on parameter. Then v e l o c i t i e s  o f  a  d i s -  

tu rbance can be expressedas f o l l o w s  ( f o r  b r e v i t y  o n l y  compo- 
I 

nent  Ur. i s  d i s p l a y e d ) :  
00 

f=  ~ K , ( x - I ; ~ ) [ ~ ( ~ ) - ; F ~ ~ s ,  ( 3  
-00 

where 1(2 i s  non-random f u n c t i o n  and g(f > i s  t h e  s o - c a l l e d  

random d e n s i t y  f u n c t i o n  ( f o r  d e f i n i t i o n  see [8], [ 9 ] ) w i t h  mean 7. 

Here i s  t o  be mentioned t h a t  t h e  c l a s s  o f  random f u n c t i o n s  i s  

o v e r s i m p l i f i e d  and t h e  r e s u l t s  which w i l l  be o b t a i n e d  w i l l  

bear o n l y  a  d i s t a n t  resemblance t o  t h e  r e a l  developed tu rbu -  

lence,  b u t  t h e  s o l u t i o n  t o  t h e  p resen ted  prob lem i s  o f  profound 

p h y s i c a l  meaning s i n c e  i t  answers the  q u e s t i o n  whether a  

random f l o w  can b r i n g  the  v a l u e  o f  t o t a l  d i s s i p a t i o n  t o  a  

l e v e l  l e s s e r  than t h a t  f o r  t h e  l a m i n a r  f low.  

Now t h e  d i s s i p a t i o n  and Reynolds s t r e s s  a r e  r e a d i l y  ob ta ined :  
a 0. 

d Ex & (q ) t2yrJ[ ($$r+  (2): ($ + %f]dt{~8,( 4 

0 -00 

On t h e  o t h e r  hand equa t i on  o f  c o n t i n u i t y  y i e l d s  

So f a r  t he  v a r i a t i o n a l  problem i s  completed and ( 4 ) - ( 6 )  appear 

t o  be a  s t o c h a s t i c  imp lementa t ion  o f  t h e  p r i n c i p l e  o f  m in ima l  

d i s s i p a t i o n .  



Eule r -Laqranqe e q u a t i o n s  

I n t r o d u c i n g  Lagrange f a c t o r s  f o r  each o f  t h e  c o n s t r a i n t s  ( 5 )  

and (6 )  t h e  f u n c t i o n a l  (4) can be  r e c a s t  and  t h e  p rob lem o f  

m i n i m i z a t i o n  w i t h o u t  c o n s t r a i n t s  can  be cons ide red .  W i t h o u t  

g o i n g  i n  d e t a i l s  we can  d i s p l a y  h e r e  o n l y  t h e  f i n a l  dimen- 

s i o n l e s s  f o r m  o f  t h e  r e s p e c t i v e  Eu le r -Lagrange e q u a t i o n s  

wh i ch  a r e  s o l v e d  w i t h  t h e  f o l l o w i n g  boundary c o n d i t i o n s  

-da ci ae 
I n  t h e  above f o r m u l a e  Re = J ~ X a n d  A= $3 gY + 9 

Due t o  i t s  c o m p l e x i t y  t h e  above boundary v a f u e  p rob lem 

i s  t r e a t e d  n u m e r i c a l l y  b y  a  method s i m i l a r  t o  t h a t  o f  171 . 
The i n f i n i t e  i n t e r v a l  i s w c o m p r e s s e d n  i n t o  t h e  f i n i t e  i n t e r v a l  

1-1 ,I] by  means o f  a p p r o p r i a t e  c o o r d i n a t e  t r a n s f o r m a t i o n .  

R e s u l t s  and  d i s c u s s i o n  

I n  t h e  p r e v i o u s  work  [7] we have a l r e a d y  p r e s e n t e d  t h e  r e s u l t s  

f o r  p l a n e  P o i s e u i l l e  f l o w  and h e r e  we c o n c e n t r a t e  on  p i p e  f l o w .  

Our t h e o r e t i c a l  p r e d i c t i o n s  a r e  compared w i t h  t h e  work o f  

L a u f e r  1101 , so a l l  t h e  e x p e r i m e n t a l  da ta  p l o t t e d  i n  f i g u r e s  

be low  a r e  t a k e n  f r o m  that w o r k .  

In Fig .2  i s  p r e s e n t e d  t h e  t o t a l  d i s s i p a t i o n  a s  a  f u n c t i o n  o f  

f r i c t i o n a l  Reyno lds  number. I t  i s  w e l l  seen t h a t  t h e  t o t a l  

d i s s i p a t i o n  o f  t h e  s t o c h a s t i c  f l o w  becomes l e s s e r  than that o f  

t h e  l a m i n a r  one f o r  Reyno lds  numbers g r e a t e r  t h a n  15. I t  does 

mean t h a t  we have I n d e e d  o b t a i n e d  a  s o l u t i o n  wh i ch  b r i n g s  a  

minimum t o  t h e  d i s s i p a t i o n  f u n c t i o n a l .  So t h a t  i t  s tands  c l e a r  

t h a t  t h e  s t o c h a s t i c  s o l u t i o n  has  a  r i g h t  o f  e x i s t e n c e  and  i t s  

o c c u r r e n c e  i s  c o n s i s t e n t  w i t h  t h e  l e a s t - d i s s i p a t i o n  p r i n c i p l e .  

T h i s  f l o w ,  however, can  be  employed a l s o  t o  p r e d i c t  t o  some 

e x t e n t  even t h e  s p e c i f i c  q u a n t i t a t i v e  c h a r a c t e r i s t i c s  o f  t h e  



t u r b u l e n t  f l ow .  Fig.3 p r e s e n t s  t h e  e v o l u t i o n  o f  Reynolds s t r e s s  

w i t h  Reynolds number and comparison w i t h  exper iments  [ lo] .  I t  i s  

seen t h a t  t h e  agreement i s  q u a n t i t a t i v e l y  good b o t h  i n  t h e  co re  

o f  t h e  f l o w  and i n  t h e  v i s c o u s  sub layer .  I n  Fig.4 i s  p l o t t e d  

t h e  energy ggcomponent" E/u* and compared w i t h  exper iment .  

On Fig.5 a r e  presented t h e  averaged va lues  o f  d e r i v a t i v e s  o f  

l o n g i t u d i n a l  p u l s a t i o n .  Agreement w i t h  exper iment  i s  q u a l i t a -  

t i v e l y  good. I n  t h e  end Fig.6 p resen ts  t h e  shape o f  a  s t r u c -  

t u r e  which i s  i n  q u a l i t a t i v e  agreement w i t h  t h e  s t r u c t u r e s  

observed i n  I11 1 f o r  t h e  f l o w  i n  t u r b u l e n t  boundary l a y e r .  
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