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TRAJECTORIES
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For the incorrect problem of calculation of homoclinic trajectories of sys-—
tems of ordinary differential equations a new approach is proposed based on sol-
ving a boundary value problem for the system of Buler-Lagrange equations for
minimization of the functional which is an integral over the infinite interval
of the sum of squares of the equation from the original set. Difference scheme,
iterative procedure and numerical algorithm for minimization of golden-section
type are devised. The performance of the method is displayed on the case of
Lorenz system. The main advantage of the new method is that the computations are
easily automatized and do not require a-priori information about solution.

Introduction. In recent years the identification of homoclinic solutions of
ordinary differential equations has attracted considerable attention in gonnec-
tion with application to soliton phenomena. A number of research papers has been
devoted to solitons occurring in different physical situations. It goes well
beyond the frame of the present paper to give a detailed survey on solitons.
Instead here are only mentioned a few works which are close to the author's in-
terests. The most popular example of soliton solutions is the flow of thin li-
quid £film down an inclined or vertical plate (see for details [1] )}. Another
customer of homoclinic solutions is the theory of stochastic regimes of dynamic
systems. When the stochastic process is considered as a random train of soliton-
like structures one can derive equations for the structures and calculate the
homoclinic trajectories of these systems. For the case of so-called Burgers
turbulence this approach is outlined in the author's work [7) . It turns out
that in the general scheme of functional expansions (see [2] ) for stochastic
problems once again soliton-like solutions of many independent variables are
neeced in opder to evaluate the higher-order terms of expansion. Similar solu~
tions with summable over infinite region square are obtained in £8) concerning
the stochastic regime of plane Poiseuille flow and identified as so-called
large eddies of turbulent flow. All the examples cited involve partial differen-
tial equations. Among those described by ordinary differential equations the most
studied 1s, perhaps, the system proposed by Lorenz {3) who showed the stochastic

_ behaviour of its trajectories. In {93 is proved that Lorenz system {or as it is

called currently “"Lorenz attractor") possesses also homoclinic solution. The
latter is related to the stochastic regime in [10] . Shtern[1q] reported the

bshape of homoclinic trajectory which he’ supposedly obtained as an initial value

problem but there is no clear indication in his work exactly what type of method



is used.

Obtaining homoclinic solutions on the base of initial value numerical pro-
cedures is an extremely difficult task and as a rule requires sizable amount of
a-priori information about the solution itself, For this reason the quest for
alternative numerical approaches is still under way. Here should be mentioned
the works [12] , {13] concerned with solutions in falling thin liquid films
where Fourier integral and Fourier series are employed, respectively. Completely
different way is persued in [4] where a complete orthonormal system of functions
in £"(~oc0, oo space is introduced and applied to stochastic solution of
Burgers equation. The necessary technique for practical application of this sys-
tem is developed in [S5] for the case of plane Poiseuille flow.

All the methods cited in the above have their advantages and shortcomings
as always but the meanest enemy lurks in the very problem and more specificly in
the fact that the homoclinic trajectory exists only for special values of para-
meters and as a rule cannot be obtained by means of iterating the original sys-
tems of equations starting from the solution for specific set of parameters. In
the present paper one more approach to the problem of identification of homocli-
nic trajectories which is free of the shortcomings listed is proposed. The new
method is displayed on the problem arising when the homoclinic solution of Lo-
renz system is to be calculated. ’

1. Lorenz attractor. Consider the following dimensionless system of ordi-
nary differential equations
dx ay az
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which is derived in [3] for the amplitudes of the first three Fourier modes of
the solution for the natural convection in an unbounded region. In the above
equations r is a version of Rayleigh number. The most interesting feature of
(1) is that for certain values of Rayleigh number p its trajectories exhibit
stochastic behaviour. Usually this is observed for G =710 and 4§ =8/3 so owr
results shall be concerned only with these values of ¢ and 4
As it is mentioned in the above, in [9] is proved that at "= r£:=l3.925

A,
a homoclinic trajectory occurs which with an increase of [/ becomes instable

giving birth to various stochastic and periodic regimes.The main significance

of homoclinic solution is that it raises from zero at ¢ =- o0 and again
decays to zero at £ -2 oo , i.e. it satisfies the following conditions:
(2) Xx=y=2=0 at t=-oo , {f—> oo .

50 we have arxived at the boundary-value problem (1), (2) which is appa-
ren¥ly incorrect since the number of boundary conditions (2) is greater than
the order of the system (1). On the other hand the homoclinic solution hardly
could be obtained as an initial value problem by means of a kind of shooting
procedure because exactly in the vicinity of r= ,kc the initial value
problem for (1) becomes instable.

2. Correct boundary value problem. The main idea of the present work is
to replace solving the incorrect boundary value problem (1), (2) by the minimi-
zation of the following integral
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whicer w0 siall call further "residuals functional". The lntegral in (3) is diver-
2 NN :
gent if xroy, 2 € L(-~e0,00) and if there exist no singularities, i.e.
i,_};,é € [2(—oo,a-o) .

As J(7) is a sum of squires its infinum is equal to zero. This value is
attained either on the trivial solution or on homoclinic solution if the latter
exists. Residuals functional can have a local minimum for each value of »r but
this minimum need not be equal to zero except for /[ = rbc . This means that
for the beginning one has to devise an efficient procedure for minimizing the
integral in (3) for an arbitrary and given - and afterwards to couple this
procedure with a method for minimization of the real fuhction J(/) . A neces-
sary condition for existing of a local minimum of the integral are the Euler-
Lagrange equations:

2% 2 2 .2 az
5.7‘?—[0‘+(r-2)+y1~z (o’-r+z) ~Y g5
, -y[cr+r+(6-/)zj »
(4) a
;z,—é—[/+a*2+.zzjy_ 2.r ~(0+2) :f

~-z[0+r+(5-')23 »
Zz‘zz -(6% 292 =22 g+y%—+xy-ﬁzy—nzz .

Unlike (1) the order of this system is in accordance with the number of
boundary conditions (2) and can be easily solved numerically. So far we have
succeeded to pose a correct boundary value problem (4), (2) among whose
solution is present the required homoclinic solution of (1). The most important
feature of (4) is that that it is a bifurcation problem since the trivial solu-
tion is always present under the provision of boundary conditions (2). This
fact additionally complicates the solution.

3. Difference scheme. System {4) is very tractable for numerical treat-
ment since for each of the operators in left-~hand sides the principle of maxi-
mum holds when considering in the respective equation two of the functions as

known and only the third one which enters through its second derivatives as
unknown. This enables one to construct the following simplified linearization
for the discretized equations:

d "iz.z,’:“,’- :Z+o-+(r~z,) +(y, ) Jx +—,.z”*’
=o-r+ 2 )2,, ey =000~ 5927, z,_,)-J;[6‘+r+(6-f)z"J,
(5) ,y,’:“,’ [57 Zarsad @y h—iy sz l(2] -2)
~(zr+z )2 (.z'":*"—.z'i"“’) 1{'”[0-*"-*(6—1)2;.'] ,
Xt v~ R CAUB AT P T Caind
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where A is the time increment. The superscript 77 refers to the number of
iteration, subscript / - to the location of the point from the interval
¢ €(-o00,c0) for which the approximation (5) is valid.
For the purposes of numerical implementation the infinite time interval is
reduced to a finite one ¢ ¢ E—%L;—%:] , where 7T is certain sufficiently
large number. The total number of grid points is denoted by A/ and then

(6) % = (i-1)h~—F 5 h=T/(N-1)

is the mesh and by definition of set function a? = 1‘(fi) . Boundary conditions
(2) give the following difference boundary conditions

(7) x, = 2%,: Jg. 2
The total order of approximation of (5} is 4(A") .

Concerning the computational algorithm it is to be mentioned that the
principle of maximum results (5) in the fact that the macrix of the system is
tridiagonal and the elements of the main diagonal dominate the sum of elements
of the other two diagonals. The latter enables one to use the simplest variant
of Gaussian elimination method called "progonka® (see [14] ).

4. Results and discussions. The first problem which has to be tackled in
numerical solution is to estimate the magnitude of 7 . 1f the latter is
chosen too large more mesh points are needed and the computational time amounts
to intolerable value. If 7 1is chosen too small the soiution obtained is dis-
torted and often happens the worst - only the trivial solution persists in

computations. In our computations T=§8 is the lower limit for which reaso-
naple results are obtained. In order to have some margin of safety for arbitrary
r we settle £ £ 7 £ /0 . )

The second crucial point in algorithm is the selection of the initial con-
dition since starting the iterations from an inappropriate initial condition one
is bound to obtain only the trivial solution. Fortunately, the nontrivial so-
lution of (4), (2) proves numerically to be a strong attractor so that gquite
different in shape and amplitude initial conditions resuited in the same soli-
ton-like solution. The most attractive feature of the method proposed is that
the non-trivial solution exists for a wide range of the governing parameter 7, .
At least we had successful calculations for J§ £, £ 300 . In order to
aveid lengthy calculations the solution obtaineda for =28 (see fig.1) is
employed as an initial condition for computations with different . It is
noteworthy that always less than 80 iterations were needed to obtain the solu-
tion within the relative accuracy of 0.01%.

The accuracy of difference scheme proposed is checked through the mandator
tests involving different grid spacings A4 . In this instance the solution pre
sented on fig.1 is obtained with h=2402 . The trajectory calculated with

h =007 is hardly distinguished if plotted along with the previous one.
1he difference is about 2.8%. If the spacing is further reduced to A =(,008 the
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Fig. 1

differencs between the respective solutions is about 0.2%. It is instructive to
note the considerable jump in the value of the functional J/J¢r; (see the caption
to fig. 1) with decreasing the arid c¢f spacing. The conclusion is that the opti-
mal mesh size for 7'=2§ is A =407 . Calculations confirmed that it is so and
for the rest of the values o. p which are of interest.

so far a practical procedure capable of solving the boundary value problem

(4), (2; Ls constructed and we can effectively compute the real function [(r) . as
stated in the above, our purpose is to find the minimum of 7 with respect to
the independent variable , . Obviously, the dependence of J on , 1is too com-

plicated conveyed by the solution of (4), (2). Hence a method of minimization
which does not employ derivative is chosen. Initially, starting from =28 and
decreasing it by step 1 the minimum is roughly located and then a procedure im-
plementing the method of golden section (see [6] ) is activated and the value of
r at vhich minimum occurs is estimated within the accuracy of 0.1%. On fig.2

P
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Fig. 2

> 1is shown the homoclinic trajectory obtained with #=4,02 as well as the value of
r* at which the minimum occurs. It is important to note that similarly to the
value of the minimum the argument at which the minimum takes place is highly
= susceptible to the mesh size too. This is clearly displayed by the comparison bet-
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ween fig. 2 and fig. 3. The difference between those two results is considerable.
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It is interesting to stress however, that the difference of the Ihi” and 7.
for solutions with h =001 and h = 0g08 is less than 1% while the
very solutions for x,y,Z compare even better ~ within 0.3%. So one
can state that h =007 is the optimal mesh size even for the whole

problem, including the minimization process.

The way in which 13” depends on the size of grid spacing when the

latter is decreased to zero h!its that the value of minimum of [ is equal to
zero within the order of magnitude of truncation error. Moreover, J(r) has a
sufficiently steep shape in the vicinity of minimum. All this allows us to con-
clude that the sought homoclinic trajectory is found. The value of Rayleigh num~
ber for which the homoclinic exists is calculated to be approximately rbc= 13,809
which compare quantitatively well with 7, .= 13,928 reported in (9] , [11] .
The agreement is within 1% which is fully compatible with the magnitude of trun-
cation error and the error of estimation of minimum.

In conclusion it can be said that a simple and robust method for iden-
tification of homoclinic trajectories is developed, It is a promising one and can
be used in other areas where incorrect problems are to be treated numerically.
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EOMH METON 3A ONPEOENSAHE HA TPAEKTOPMW OT TUNA
HA XOMOKIJIMHHUKA

Xpucto M. XpucTtos

3a npecMATaHe HA PEmMEHUHA HA CUCTEMH OT OGHKHOBEHH AOHbepEHUHANHH YPABHEHMR
OT THIIa HA XOMOKIHHHMKA € NpefnoxeH HOB moAXod, OCHOBAH Ha pemaBaHe Ha IpPaHHYHA
33anava 3a ypaBHeHMATa Ha Oinep-Jlarpanx 3a MHHHMH3IWPaHe Ha QyHKUHOHana, MonydeH
cnex MHTEerpupaHe BbpXY 6Ge3kpaeH HHTEpBanm HA cCyMaTa OT KBagpaTUTe HAa HIXOOHHTE
ypaBHeHuusi. llpegnoxeHa e pgndepeHyHa cxXxema M HTEPATHBHA Npoueaypa 3a pelaBaHe Ha
Ta3H 3adava M YHCNEeH alropHTM OT THMNA Ha 3N14aTHOTO ce4yeHHMe 34 MHHHMH3HpaHe Ha
byHKUuHOHANa KaTo QYHKUMA Ha H3IXOAHHUTE UApaMeTPH. MeTOOBT € OEMOHCTPHPAH BbPXY
cucremaTa Ha JiopeHU. OCHOBHO HEroBO MPEUMYWUECTBO €, Y€ [PECMATAHHATA Ce aBTOMa-

TH3HPAT NECHO H uUe 33 YCHEemHOTO YHCIEHO peclaBaHe He € HeoOGXOoAMMa NpeaBapHUTeNnHa
HHOOpMaLHA 3a CaMOTO pemeHHe.

37 MaTemaThka M MaTeMaTHueCKO o6pa3oBauue
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