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SHORT COMMUNICATIONS 
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Secondary Streaming for the High-Frequency Viscous Flow in 
E r r d r i c  Spherical Annuli 

1. In t roduc t ion  

Jn the recent years the oscillatory viscous flows attracted a con- 
siderable attention due to their importance in a number of appli- 
cations, especially in chemical technology. When an oscillatory 
streaming interacts with a rigid boundary a secondary steady 
flow is generated and the latter enhances significantly the heat 
and mass transfer. On the other hand the investigation of the 
oscillatory flows offers the opportunity to reveal certain funda- 
mental features of viscous flows which become conspicuous in 
transient situations with complicated interplay between inertial 
and viscous forces. The known papers treat different kinds of 
oscillatory flows and can be divided into two major groups: 
translatory oscillations and rotational (torsional) oscillations. 

Rotational oscillations of single bodies, like disks, spheres, 
cylinders, etc. in a viscous liquid otherwise a t  rest has been of 
special interest to scientists (see e.g. STOKES [l], HELMHOLTZ and 
PIOTROWSRI [2], BVCHANAN [3], ROSENBLAT [4]). In  all these 
papers only the primary motion of the fluid is considered, viz. 
it is assumed that the fluid trajectories are circuits whose centres 
belong to  the axis of rotation. The existence of the secondary 
flow in the plane containing the axis of rotation was shown in 
papers [5]  and [6]. 

The general approach to oscillatory viscous flows with secon- 
dary streamings is essentially developed in papers by STUART 
[7] and RILEY [8] .  The present paper is a descendant from this 
approach and can be viewed as its application. 

The presence of another rigid boundary introduces a lot of 
difficulties on the way of theoretical treatment which are connect- 
ed with the geometry of the region occupied by the flow. The 
most amenable regions to theoretical treatment appear to  be 
those with spherical boundaries a t  the same time when all the 
principal features of hydrodynamic interaction are comprised. 

Initially, the steady rotations of spheres were investigated 
asymptotically and numerically for different values of Reynolds 
number (cf. [9], [lo], [ll], [12] and [13]). Later on, experiments 
have been carried out and among the experimental works arc 
renowed the papers by YAWORSKAYA and co-workers (see [14] 
and literature cited there). 

The first papers related to the hydrodynamic interactions 
between two eccentric spheres treated also stationary rotations. 
The general approach to this problem based on the use of bi- 
spherical coordinates was outlined in papers by JEFFERY and 
co-workers [El, [lS] and extended then to the case of a sphere 
rotating near a plane 1171. The last solution was still generalized 
by MAJUXDAR [18]. In the above mentioned papers [15]-[15] 
only the primary flow was considered. MUNSON [IS] and MEN- 
GUTURR and MUNSON [20] took into account the secondary mo- 
tion of the fluid obtaining theoretical results and measuring the 
secondary flow for different values of Reynolds number and 
eccentricity. 

In the recent years there have been obtained interesting 
theoretical and experimental results for concentric torsional 
oscillating spheres. The hydrodynamic interaction between two 
concentric spheres has been considered simultaneously in [21] 
and [22] for low and high frequencies, respectively. The gap in 
the theoretical results for the flow considered in [22] has been 
filled by the numerical solution [23] and now the solution to the 
problem could be thought of as virtually completed. 

Here we discuss the oscillatory flow in eccentric spherical 
annuli. We focus our attention on the case of high frequency of 
oscillations which is the more important one to begin with, as 
in the case of low frequencies one can get some qualitative 
feeling about patterns of secondary flow even on the base of 

results for stationary rotations. The method employed here is 
that of matched singular asymptotic expansions (see VAN DYKE 
[24]). The differences between the secondary flow streamline 
patterns in the cases when inner or onter sphere oscillates are 
discussed and shown graphically. 

2. Governing cquat ions  

Consider the region between two eccentric spheres of radii a 
and b (a < b)  occupied by a viscous incompressible liquid Kith 
kinematic coefficient of viscosity Y.  It is convenient to make use 
of bi-spherical coordinates (E,q,  q) defined by 

(2.1) 

were (e’, z’, q) arc the appropriate polar cylindrical coordinates, 
cis a positive constant (sre for details KORN and KORN 1251 
and Fig. 1). The inner and the outher spheres correspond to 
the values 5 = a1 and 5 = a2, respectively. 

If we consider an axisymmetrical problem (the axis of oscilla- 
tions coincides with the line of centres) a stream function can be 
introduced according to  the formulae 

(ch 5 - cos 7)2 aY/’ v; = _ _  v; = - ( C I ~  E - 7 ) ~  a y  
cZsin7 a7 ’ c smq a t  * 

(2.2) 

Then the Navier-Stokes equations yield the following equations 
for the dimensionless stream function YJ = Y’/EC~CLI and angular 
velocity 9 = Vq/&czw 

(ch 5 - COS 7)3 a(Y, D”) , 
- &  -t- 

sin r]  a ( E 9  7) 

(2.3) 

(2.4) 

where 

The boundary conditions for Yr and $2 are: 

y = - = o  a t  [=a,, $ = a ,  (1 .5 )  

sz=  -cost a t  E =a1, (4.6) 

a y  
a t  

sin2 q 
(ch a1 - cos v ) ~  

sin2 7 
(ch a2 - cos 7)’ 

cost a t  5 = a z ,  sz = ~ . _ _ _ - -  (2 .7)  

Y = O ,  5230 a t  r l = O , z .  (2.8) 

The last condition follows from the symmetry relations a t  the 
axis of symmetry. 

The solution of the problem under consideration depends on 
two dimensionless parameters, viz. frequency parameter ill = 
= and amplitude parameter c = a /w ,  where a is the 
amplitude of torsional oscillations and w their frequency. 
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Y' 
Fig. 1. Abscissa p', ordiuate 2' 

We discuss the case of small amplitude of oscillations and 
expand the functions Y and s2 into power series with respect to 
the amplitude parameter E. We restrict our analysis to  obtain 
asymptotic solution of order O(E). It is easily shown that  Y',, = 0. 
The following system of equations and boundary conditions for 
Y, and Qo is derived: 

(2.9) 

(2.12) 

(2.13) 

Y = O ,  Q = 0  a t  p = j l ,  (2.14) 

where 

p = cos 71 , 
I n  (2.9) -(2.14) i t  is introduced for convenience the complex- 
valued functions D and eil, and the subscripts for 'P and Q are 
omitted for brevit,y. 

.7P = ByW) . 

3. J l e t h o d  o f  m a t c h e d  as! inpto t i c  e x p ~ n s i o n s  

We attempt a n  approximate solution to  the equations (3.9), 
(2.10) under the assumption that  .&I-* < 1. The latter allows 
us to  expand Y and s2 into asymptotic series with respect t o  
small parameter M-l.  The parameter Jf-l  multiplies the term 
with the higher-order spatial derivatives which means that  the 
respective series shall be singular one. So, the flow consists of 
three regions - two boundary layers a t  spheres walls and a core 
flow between them. There are three different situations in these 
three regions and we denote them lip Y(n), Q(0, where i - 0 
refers t o  the core flow, i = 1 to the boundary layer a t  the inner 
sphere (2 = al )  and i = 2 to the outer spliere (5 = LZJ (see Fig. 1).  

The scaled coordinates in the boundary layers at the inner 
and the outer spheres, respectively, are the following 

(3.1) 

(3.2) 

Tlie asymptotic expansions for the functions 52 and 'Y are 

(3.3) 

wlicrc 

,(i) ,&,.l(J-l)  p:;)+l(Ll!--l) 

.II-'+o *$)(JI-l) JI- '+o /+;)(J,-l) = * 
liin ~ -~ - - 0 ,  lim 

Following the matching procedure (see [24]) for the angular 
velocity we derive the expressions 

Turning to  (2.10) we can notice that the solution for 'Y should 
be comprised the steady and unsteady part, namely, 

'1/ = F(E, p)  + e2it F(6, p) . (3.5) 
Indeed (2.10) contains terms proportional to 

Re [eit] Re [etl] = f Re (1  -t ,zit) 

which is the explanation of the form (3.5). 
(the first-order approxima- 

tion of the steady streaming in the core flow), which is of interest, 
is 

The equation for the function 

ypqp = 0. (3.6) 
After applying the matching procedure for the solution of equa- 
tion (3.6) we obtain (see [IS]) 

m 
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4. N u m e r i c a l  r e s u l t s  a n d  d i s c u s s i o n  

The numerical imp1cment.ation of the solution of Section 3 is 
achieved by calculating on a given grid the values of ‘Y on 
the base of (3.7) with expressions for An, B,, Cn and Dn. Then 
the obtained two-dimensional array is treated by means of the 
standard numerical procedure for approximate tracing of the 
equilines of a function presented in discrete way. In  order to  
have good accuracy for large values of eccentricity e (or which 
is the same - small c, Fig. 1) we employ a non-uniform mesh in 
the v-direction according to  the rule 

shoc, s. sha, 
q = 2 arctg [ c h a , + 1  tgc]’ I 

I 
Cn 

s = ( j - 1 )  ( N  - 1) sha, 

(4.1 ) 

The latter secures that the reference points are uniformly spaced 
along a meridian of the outer sphere. Parameters of the mesh 
are i = 1, ... , M a n d j  = 1, ... , N ,  for which 

ti 
where 

+ ( i  - 1) hc 9 7, = 0 + (j - 1) hq 7 (4.2) 

Computations are run with a couple of different pairs of H, 
N in order to  check the accuracy of the procedure which is re- 
sponsible for tracing the equi-lines (in this case stream lines). It 
turned out that N = 41 and M = 51 is the optimal mesh size, 
because the employment of more fine meshes does not improve 
significantly the results and only raises the magnitude of com- 
putational time. 

The first result to  be obtained is for the case of small eccentri- 
city e and fixed radius ratio A = b/a. For c = 100 (e.g. very small 
e )  our results compare with the computations [22] up t o  the 
fourth digid and we have reasonable good comparison within 
2% accuracy even for c = 10. 

Figures 2 and 3 show the dimensionless streamlines for the 
following three different cases : a) the inner sphere oscillates 
and the outer one is held at rest; b)  the both spheres oscillate; 
c) the inner sphere is fixed and the outer one oscillates. Fig. 2 
corresponds to  moderate value of eccentricity e (c  = 1) and 
f = 2,5 and Fig. 3 to  large value of eccentricity e (c  = 0,2) and 
f = 1,5. Fig. 2, b shows that  the negative streamlines coalesce 
with each other and form a flow known as “cat eye” (see for defi- 
nition [26]). I n  the case, which is presented on fig. 3, b, only 
one positive vortex is observed. 

It e fe  r e n  c e s 

1 STOEEE, G .  G. ,  On the Kff‘eet of-the Internal Friction of Bluids on the Xotion 
of Pendulums. Trans. Camb. Yhilos. Soe. 9 (1851), 8-106. 

2 HELMHOLTZ, H. v.; PIOTROWSKI, Wissenschaftliche Abhandhgen. J. A. 
Barth, Leipzig 1883, p. 172. 

3 BUCEANAX, J., The Oscillatioun of a Spheroid in a Viscous Liquid. Proc. 
London Math. Sac. 22 (1891 -1892), 181-214. 

4 11osEimr,A’r, S. ,  Torsional Oscillations of a Plane in il ViJcoud Fluid, J.Fluid 
Mech. 6 (1959), 206--220. 

6 CILIWER, G. F.; UI PRIMA, R. C. ,  On the Torsional Oscillations of a Solid 
Sphere in a Yiscous Yluid, J .  Appl. Mech. (Trans. -4SME) 78 (1956), 

6 UI PRIMA, R. C!.; LIRON, N., Effect of Secondary Plow on the Decaying 
Torsional Osciillations of a Sphere and a Plane, Phys. Fluids 19 (1976), 
1460 - 1458. 

7 STUART, J. T., Unsteady Boundary Layer, Clarendon Press, Oxford 1963, 
pp. 350-408. 

8 KILEY, N., Oscillatory Viscous Flows. Review and Extension. J. Inst. Yath. 
Appl. 3 (196i), 410-434. 

9 HABERPAN, W. L., Secondary Flow About a Sphere Rotating in a Viscous 
Liquid Inside a Coaxially Rotating Spherical Container, Phys. Fluids 5 
(1962), 625-626. 

Hpaiqasoqmmcn cqlepaniii. 1 ~ 1 : ~ .  BI,TCIII. y s e 6 ~ .  3m., MaTexaTmm, 
N 4 (1963), 129-139. 

11 PEARSON, C. E., -4 Kilmerieal Study bf the Time-Dependent Viscous Blow 
Between Two Rotating Spheres. J. Fluid Mech. 28 (1967), 323-336. 

61)1-605. 

10 O B C C e H K O ,  Io. I?., 0 ~HIIlIteHEIA HR3KOa XCKIIXKOCTH MelKJly  HBYMR 

Z 

0 2  

01 

Fig. 2a. Abscissa @, ordiuate 2 ;  also in the other figures 

4 
Z 

Fig. 2 b 

- ‘ l o 1  9 
E 



124 ZANM . Z. angew. Xath. Jlech. 68 (1988) 2 

Fig. 2 c  
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Fig. 3 b 
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