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Abstract

A generalized wave equation containing production and dissipation of
energy is derived in a heuristic fashion so as to have in the dissipationless
limit the (two-way wave) Boussinesq equation, while for the slowly evolving
in a moving frame (one-way) wave system, it reduces to the dissipation
modified KDV equation (KDV-KSV) with the same energy-balance law.
The new equation allows investigating the head-on collision of dissipative
localized structures. A special difference scheme is devised which faithfully
represents the balance law for energy. The numerical simulations show that
if the production-dissipation rate is of order of a small parameter, the
coherent structures upon collisions preserve their localized character and
within a time interval proportional to the inverse of the small parameter
they behave like (imperfect) solitons. The collisions are almost ideal
without phase shift. The only difference from the strictly soliton collision is
that during the time of interaction the dissipative structures are “aging”
and changing their shapes.

1. Introduction

A variety of continuous systems are modelled by nonlinear
PDE containing the first or second time derivative of the
unknown function and spatial and mixed derivatives of dif-
ferent orders. With respect to the spatial variables they can
be one-, two- or three-dimensional, respectively. The strict
description of any physical process is three-dimensional but
it is not always tangible for investigation and for this reason
a plethora of simplified one-dimensional models have been
derived and studied. The present work is concerned with the
investigation of wave régimes for different nonlinear systems
modelling the capillary flows in thin liquid layers. Here
belong the inviscid models like Boussinesq and KDV equa-
tions on the one hand and the dissipation modified
Korteweg-de Vries equation (KDV-KSYV, for brevity) - on
the other.

Under certain conditions the nonlinear and dispersive
effects balance each other and localized, stationary propa-
gating waves (solitary waves) are possible solutions. A dissi-
pationless system — the KDV - was the first to undergo
numerical investigation [23] unravelling the particle-like
behaviour of the localized solutions upon overtaking inter-
actions and the “soliton” concept was introduced. Since
then a variety of conservation properties have been proved
and a good deal of analytical techniques for the solitary
waves is now available [8].

Completely different is the case with dissipative systems.
The purpose of the present work is to show a way of extend-
ing the main tenets of soliton paradigm to such case. To this
end a two-way-wave propagation model is proposed and
investigated numerically hence discussing head-on colli-
sions.

2. Models of thin-layer-flows with free surface

Boussinesq [2-4] derived in the framework of weakly-
nonlinear long-wave approximation an equation for the
shallow-water flows in which equation both nonlinearity
and dispersion were present in appropriate balance. He
found a solution of solitary-wave type. It goes beyond the
scope of present work to discuss the different versions of
Boussinesq equation that are currently in use. See, for
instance [7] where a special effort was made and the
coinage “Boussinesq Paradigm” was introduced to signify
the main idea of Boussinesq-type derivations, rather than
the particular equation obtained. As far as we are concerned
here with the capillary flows then the Boussinesq equation is
regularized by the presence of sufficiently strong surface
tension (first considered in [15]), namely

1% 50 1)

Uy = [.yZu + aul - ﬁuxx]xx’ ﬂ = 3 ph2 s
0

where o is the surface tension, p — the density, g — the
gravity acceleration, h, — the thickness of the undisturbed
fluid layer.

The Boussinesq equation (1) is formally a two-way wave
equation since it contains the second time derivatives.
However, the original version of Boussinesq was not applic-
able to the two-way waves, because of an assumption valid
only in the right-going moving frame. Thus eq. (1) should be
considered in a paradigmatic sense as a model problem
allowing one to investigate head-on collisions of solitary
waves.

The investigation of the role of viscosity on the capillary
flow in thin layers was begun by Kapitza [14]. In other
works of [1, 11, 17, 18, 20, 21] the long-wave weakly-
nonlinear approximation was developed whose consistent
application allows one after rescaling the variables to derive
the following equation ([12]):

b+ 0Px + bux + Praax = 0. 2

or

Uit 200 + Ve + Verne =0 Where Y, =¢. 3)

The last form of the NEE was obtained in [16] for the evol-
ution of reaction fronts. The eq. (2), or eq. (3) are usually
referred to as Kuramoto-Sivashinsky equation (KS for
brevity).

In a series of papers, Velarde and collaborators (see [9, 10,
22] and references therein) showed the consistent way of
incorporating the Marangoni effect into the one-way long-
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wave assumption and in particular obtained the following
equation

U, + 2aluu:c + oy Uyy + A3 Uyxx + Xg Usxxx + as(uux)x = 0> (4)

containing also the dispersion term u, . and additional non-
linearity as(uu,),. We call in what follows the eq. (4) dissi-
pation modified Korteweg-de Vries equation (KDV-KSV -
for brevity). Equation (4) explains at least to a qualitative
level Bénard-Marangoni waves in thin liquid layers heated
from the air side ['19].

The influence on the dynamical behaviour of the addi-
tional nonlinear term (with coefficient as) as a destablizing
factor (according to its sign in the equation) was elucidated
in [13]. The role of the new nonlinearity played in the for-
mation of the shapes of the solitary waves was treated in
[6]. In the present paper we focus our attention mostly on
the interplay between the dispersion and production-
dissipation, and hence we consider the case a5 = 0.

Our recent simulations of the eq. (4) have shown that
upon over taking interactions the localized solutions of
KDV-KSV behave as quasi-solitons in the sense that they
preserved the localization for long enough times. In the
present paper we investigate the same property for head-on
collisions and derive a new equation to this end.

3. Two-way wave generalization of KDV-KSV

In this Section we concern ourselves with the minimal heu-
ristic generalization of the dissipative model called
KDV-KSV in a manner to allow two-way waves. This
means that it should contain second time derivative just
in the same manner as the Boussinesq equation does. For
this reason we start from the Boussinesq equation and
incorporate in its the production-dissipation terms that are
supposed to engender the respective terms of KDV-KSV
equation. Here, however, we do not aim at generalizing the
KDV-KSV equation to fully account for Bénard-
Marangoni two-way-wave propagation as done in [22].

There are two equations that satisfy the outlined require-
ments. The first one is

ty = (72U + 0y pu? + g Yty — Og ey — (2 + a5 )]y,
A3 = —h, )
while the alternative version is as follows
Uy = [2U 4 o yu% + g Yl + Yo U + V(e + asuu],,,
1y = —p, : (6)

Here the characteristic y speed appears in some places
merely for the sake of further convenience.

Let us begin with the “right-going” moving frame. Intro-
duce new independent coordinates and sought function

ty =3t x,=x—9yt, ult, x)=uy(t,, x,)

The different derivatives are expressed as follows

du Ou; Ou 1 0u ou,

ox 0x, ot 20t ox,’

o*u 1 6%, %u, , 0%uy ™)
— = -y = -

o2 4 or? oty 6x, Ox3

If we consider only motions for which the evolution in the
moving frame is very slow (and that is precisely the condi-

Physica Scripta T55

tion under which all kinds of KDV-type equations are being
derived), then we can disregard the local-time derivatives
with respect to the local spatial derivatives in the sense, that

™y o™u, 0%u, 0%u,
P oEEe— €
3t, oxp ! axr a2 | S, ox,
Introducing (7) into eq. (5) or eq. (6) and neglecting the
terms according to the above scheme we arrive at the fol-
lowing approximate equation
0%u, 8? 0

-7 =23 ayui + (2 + asu)y =
axl atl 6x1 axl

>

x6+a3vﬂl+a 'y%jl 8

axd ¢ x|
After dividing both sides of the equation by y (here
becomes apparent the reason of incorporating 7 in the defi-
nition of the equation), and disregarding the index “1”

without fear of confusion we arrive at
ut + 2“1““: + a2 uxx + a3 uxxx + a4 uxxxx + as(uux)x = 0’ (9)

which is nothing else but the KDV-KSV eq. (4).

Let us examine now the case of left going moving frame.
Then it is convenient to introduce the new variables in the
form

tl = %t, xl = —X - yt, = "‘ul(tl, xl).

and the generalized Boussinesq equations (5), (6) reduce
once again to (9).

4. Energy balance law

Henceforth, for the sake of simplifying the notations we
drop out the muitiplier y of some of the coefficients of eq.
(5). For the same reasons we return in what follows to the
coefficient f = —a; > 0.

Upon introducing an auxiliary function g into eq. (5) we
render it into the following system

Uy = Gxx»

g, =+ o u® — Buy, — gty — (2, + s uy,. (10)
The conservative boundary conditions are as follows:

u=0, q,=0 for x=—-L,, L,, (11)

where —L,, L, are the values of spatial coordinate at which
we truncate the infinite interval (so-called “actual infinities”).
The shape of a localized solution approaches at each infinity
a constant and hence all its derivatives automatically decay
to zero. Then, when treating the problem analytically one
may also impose b.c. on the second, third, etc. derivatives
that follows from the condition for decay (called asymptotic
b.c.). However, in numerics and in physics as well, one never
has a true infinity and the exact form of the b.c. in the finite
interval is of crucial importance. In fact, any conservation or
balance law is a property of the boundary value problem
(b.v.p.) as a whole and not only of the equation itself.

We show now that (11) pose a proper set of b.c. Consider
the quantities

def [*Lj
M= u dx,
— L

def (L2
E= j iM% + @2 + Jo,u® + Bu?] dx.
- L

(12)
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Integrating the first of eqs (10) with respect to x and
acknowledging the appropriate b.c. from (11) we get that
dM
—=0 13
= =0 (13
which can be called “conservation law for the mass of
wave”.

Upon multiplying Lh.s. of the first of egs (10) by the r.h.s.
of the second one and r.h.s. of the first one by the Lh.s. of the
second, adding them to each other and integrating with
respect to x within the limits [ —L,, L,] is obtained

L2

z(qx)2 dx

4.9, 1%

=9 dtf zuzdx+a—-j 1u® dx

1,.3 L L
+ %3 a j 22Uy dx — o3 Uy ull—le — XUy U, —le

Ly Lz
- f (oy + asu)u? dx + a, f u?, dx.
—-L —-L3

Since taking u = 0 at the borders of the interval implies
also u, = 0, then the terms in the above formula that are
evaluated at the borders of the interval vanish identically.
Here is to be mentioned that these terms vanish as well if we
impose the condition ¢ =0 at x= —L;, L,, instead of
g, = 0, but then the mass M is not conserved. This is the
justification for the particular set of boundary conditions
taken in the present work.

Rewriting the above equality and discarding the terms
that are trivially equal to zero, one obtains

dE (L L2
e J~ (2 + asu)u? dx — oy, f u, dx.
t -Ly —Li

which is the balance law for the quantity E, which we call
pseudoenergy. Note the difference between a balance law
and a conservation law. The latter is a limiting case of the
former when the terms responsible for production and dissi-
pation of energy are trivially equal to zero. The role of the
terms we added to the Boussinesq equation can now be
identified from the balance law. The term [(a; + o5 u)u, ] x
represents the production of energy, while u,,.., is the dissi-
pation. In those parts of the region where (o, + x5 u) < 0 the
production is negative, i.e. the Marangoni term damps the
motion. In the regions where u > 0 it boosts the production
of energy.

At this point we can justify our choice of eq. (5) over (6).
The latter could have yielded to a balance law of the follow-
ing type

Lz L2
%% = J‘ (o3 + o5 u,u, dx — oy f Uy Uy, dx,

—L =L

(14)

whose r.h.s. could not be interpreted in physically satisfac-
tory way.

5. Difference scheme
Let us introduce a regular mesh in the interval [—L,, L,]
with spacing h, i.e.,

L, +L,

x; H = Dh b=

(15)
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where N is the total number of grid points in the said inter-

val. Respectively, we define the set function u; < u(x,).

It is clear that when the system under consideration
satisfies balance laws, one’s desire is to have them repro-
duced by the numerical scheme. Bearing upon our earlier
work [§, 7] we construct here an implicit difference scheme
which complies with the balance laws for the mass and
pseudoenergy.

n, k n
q4 —4q;
T
_ 2u§""+u§'_ wh by kTl oy R 4 (ul)? %
3
- ""+u ey —2ul +ul_, .
2h? 4
« _u{'+1—2u}'+u?_1
2 ‘L'h2

th

[
[,+1—2u""+u
(

n k-1 + u n k u?
+ x, + As . ’ (16)
upt— w10l - 200t 4 g ghey = 207+ g1y
T 2 h? h?
7

with b.c.

upt =yt =0, v -t =t - gt =0

The “inner” iterations are conducted starting from the initial
conditions u»° = u! and ¢*° = g7, and are terminated at
certain k = K after the following criterion is satisfied

max |un.K u:l.K-—l

nKl

S 10—11
max |u

After the inner iterations are converged one obtains, in
fact, the solution for the “new” time stage n + 1 of the non-
linear difference scheme, namely

def
+
;l 12 uf" K.

Following [5], we prove here that the difference approx-
imations of mass M and pseudoenergy E
N—-1

./”= Zu,h

i=2

3 (-9)
5 L) (2}

satisfy the difference approximations of the balance laws
(13)—(14), namely

and

.//["+l - "
T

=0
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and
éan+1_énn N-1 ur_|+1+ur‘| u?“—u'i' 2
: =.§1<°‘2+“5 2 )( : )
N-1 ntl _ ,n+l _ ,.n m\ 2
_ d4 Z <u1+1 U; uz+1 + ul) . (18)
i=1 th

In this instance our scheme represents exactly on differ-
ence level (within the adopted second order of
approximation) the properties of the original differential
system. The practical organization of calculations is the
same as described in [5].

6. Results and discussion

First we begin with the case of small production-dissipation,
ie. for small «, and a,. For definiteness we take o, =3,
B =1 and y = 10, the latter being large enough in order to
have the right to compare with the results for KDV-KSV
(the assumption of slow evolution in the moving frame is
justified when the frame is moving fast enough). We reduce
the degree of freedom taking ¢ = «, = a,. Our calculations
show that for the selected parameters, an appreciable devi-
ation from the classical dissipationless Boussinesq solitons is
observed for ¢ > 0.1. In terms of KDV-KSV equation this
corresponds to «, = «, > 0.01 for a; =3 and = 1. The
upper part of Fig. 1 presents the head-on collision of the
dissipative solitons of sech initial shape and celerities ¢, =
9.5 and ¢, = —9.5. The lower part gives an impression
about the phase shift. The interesting thing here is that the

n
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gz2Z -2
S E
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O: IS N R B B A ll!\[l\llll\\[v\l‘\;—g
-20 -10 0 10 2C
X
Fig. 1. Head-on collision (upper plot) for y =10, =1, ¢ =02 of the
initial seches of phase velocities ¢, = 9.5 and ¢, = —9.5. Lower plot: the

trajectories of the centres of localized structures.
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phase shift is virtually absent, i.e. much smaller than the
corresponding dissipationless case (see, [7]). In a sense, the
incorporation of dissipation “tamed” the adverse effects of
excessive elasticity of the system. One should not be
deceived, however, that the system becomes more elastic if a
phase shift is absent. On the other hand we should keep
clear that eq. (5) or eq. (6) are the minimal heuristic gener-
alizations of eq. (4). A more general equation could indeed
account for the phase shift as noted in Ref. [22]. Figure 2
shows the initial and final shapes of the wave system whose
evolution is shown in Fig. 1. The bumps have experienced
considerable “aging” in the course of interaction diminish-
ing in amplitude and increasing their support. Obviously
this is a dissipation dominated case. The localization,
however, is preserved, so one can consider the bumps after
the collision as the same original entities (“particles”), but
somewhat deformed by the interaction and the aging. Then
it makes sense to extend the notion of “soliton” to this non-
conservative case. The most appropriate description is
“aging solitons”, since during the collision they behave in a
very similar fashion as the solitons of conservative systems,
but because their shapes do not provide for conservation of
energy, the total wave profile is evolving (aging). Yet the
balance of the energy is strictly observed.

The same observation is valid also for larger y. The
results are not presented here, because they have the same
qualitative bearing. Rather we give an example for the evol-
ution of the wave system in the case when our generalized
equation is not supposed to be very close to KDV-KSV
equation in the moving frame. This is the case of moderate
and small y, when the convective speed of the moving frame
is not dominating the local evolution in the moving frame.
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Fig. 2. The initial (upper plot) and the final (lower plot) shape of the wave
system from Fig. 1.
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Fig. 3. Head-on collision (upper plot) for y = 1, § = 1, e = 0.2 of the initial
seches of phase velocities ¢, = 0.9 and ¢, = —0.95. Lower plot: the trajec-
tories of the centres of localized structures.
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Figure 3 presents the same kind of head-on collision, but for
y = 1. One sees, that the production-dissipation part is now
much more influential for the same ¢ = 0.2. In fact the case
depicted in Fig. 3 happens to be production dominated one.
In Fig. 4 are shown the initial and final solution in the same
time-interval as in Fig. 3. It is clearly seen that the bumps
(initially being seches) have increased during the interaction
and changed their shape (shortened their support). So the
solitons are now “growing”, but the main idea is still intact,
namely that they preserve the localization and in the cross-
section time of the collision behave as genuine localized
structures, i.e. as particles.

7. Concluding remarks

The dissipation-modified KDV equation is generalized in a
minimal, yet nontrivial heuristic manner to a wave equation
of Boussinesq type with terms accounting for the energy
production-dissipation mechanism [eqs (5)]. It is shown that
if one is concerned with motions that evolve slowly in a
moving frame with the characteristic velocity, then equation
(5) reduces to the KDV-KSV equation (4). The generalized
two-way wave equation derived here [eq. (5)], possesses the
same balance law for energy as the KDV-KSV equation.
The advantage of eq. (5) is that it allows consideration of
two-way waves. This way we were able to track the head-on
collisions of dissipative structures (“dissipative solitons”).

An implicit scheme is developed representing “exactly”
(within a-priori selected error bar, but regardless of the trun-
cation error) the conservation law for the mass of localized
structure, as well as the balance law for the pseudoenergy.
The practical stability of the scheme allowed us to go after
the very long time evolution of the solution.

Results are obtained for values of the production-
dissipation ranging from very small to order of hundreds.
For the small values, when the production-dissipation part
is a small perturbation to the Boussinesq part, the present
calculation confirm that for long enough times (of order of
the inverse of the small parameter, and even beyond) the
behaviour of the solitary waves is solitonic. The head-on
collisions of the dissipative solitons in this case are qualit-
atively the same as for the pure Boussinesq seches, save
some apparent “aging” of shapes of the structures.
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