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Resonant thermocapillary and buoyant flows with finite frequency
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Interaction between a base thermocapillary flow and a time-dependent buoyant force is studied for
a slot geometry. A temperature gradient applied along a fluid-filled slot with thermocapillarity at a
free surface produces a base parallel flow. The system is subjected to streamwise gravitational
acceleration that varies harmonically in time. Grassia and Hdfkys. Fluids10, 1273(1998 ]

have shown that in the limit of zero frequency modulation, coupling of the thermocapillary flow
with long wave convective modes leads to singularities at critical points corresponding to the
Rayleigh—Beard eigenvalues. In the case of small but finite frequency modulation studied here,
inertial effects moderate the singularities which are replaced by a response that scales exponentially
with the inverse of the dimensionless modulation frequencyOAh) delay is observed in the onset

of the resonant response even for small modulation frequencies. The response is also found to scale
exponentially with the inverse Prandtl number for large Prandtl numbers and to be independent of
Prandtl number for small Prandtl numbers. Relaxation oscillations are observed in certain parameter
ranges as a result of the coupling between the fluid and thermal fields. A Galerkin approximation is
used to reduce the problem to an equivalent dynamical system, the analysis of which gives
analytical support to and insight into the numerical results. 1999 American Institute of Physics.
[S1070-663(99)03809-X]

I. INTRODUCTION processing flows in microgravity conditions, since these
flows commonly involve interfacial tension gradients that
One of the widely studied problems concerning body-drive Marangoni flows. Grassia and Homsy used a time har-
force-driven flows has been that of a fluid in a nonuniformmonic acceleration to model the fluctuating body force. They
temperature field acted upon by gravity. Theoretical treatrestricted attention to a slot geometry in order to reduce
ments have dealt with the classical Rayleigha&e prob- mathematical complexity. In this study, we use the same
lem of a fluid layer heated from below in a vertical gravita- physical model for our system. The system, shown in Fig. 1,
tional field (see, e.g., Ref.)las well as the coupling of consists of a two-dimensional fluid-filled slot of infinite ex-
vertical gravity and an applied horizontal temperaturetent in thex direction and thicknesd in they direction. The
difference? There have also been studies on the effect olower boundary is rigid and insulating while the upper
time modulated gravity on instabiliti¢snd on flows driven  boundary has an insulating free interface. A constant tem-
by horizontal gradient8 Recent studies of the effect of time- perature gradiens is applied along the length of the slot and
dependent gravity or “jitter’(e.g., Ref. 5 have been moti- the usual Boussinesq approximation is made. The tempera-
vated by the need to model fluid processes under microgravtre gradient sets up a thermocapillary flow in the slot with a
ity conditions on board spacecraft. Under these conditionsyelocity scaleU,.=dy;B/x, where y; characterizes the
arbitrarily oriented gravitational fluctuations give rise to variation of surface tension with temperature guds the
body forces and affect flows that would otherwise be steadymean viscosity of the fluid. Following Ref. 7, we assume the
It has been shown that such time-dependent forces can sigase flow to be a local return flow, so that the streamlines are
nificantly affect the stability of the systéhand therefore parallel. We also assume that the capillary number
there is a growing interest in understanding these flows. uU../0oq, Whereog is the mean surface tension of the fluid,
Many such studies have focused on the effect of jitter oris sufficiently small for the free interface at the top to remain
convective states driven by mean graiyHowever, it is  flat. The flow distorts the isotherms and leads to temperature
also possible to consider the interaction of jitter with convec-gradients in both thex andy directions. A time harmonic
tive states resulting from a driving force different from buoy- gravitational acceleration of amplitudeand frequency is
ancy. Grassia and Homsy have studied such flows in whickmposed in the plane of the flow. It can be considered as an
jitter interacts with a base thermocapillary fldv@uch inter-  approximation of the jitter, consisting of a single term from
actions are an important factor in understanding materiathe Fourier decomposition of the time-dependent fluctua-
tions. The interaction between the modulated gravity and the
dpresent address: Department of Mathematics, University of Southwesterﬁ'pp“ed andfor co_nvected temperature gradients leads to a
Louisiana, Lafayette, LA 70504-1010. uoyant force acting on the fluid. The system alternates be-
P'Corresponding author. Electronic mail: bud@chemeng.stanford.edu  tween stable and unstable configurations as the buoyant flow
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g cos(ot limit of zero frequency modulation in Ref. 7 and analytic
ot co solutions for the stream function, velocity, and temperature

77 were obtained for arbitrary magnitudes of the modulation.
! The fluid velocity and temperature were found to increase
’ with Racosl) in the subcritical part of the cycle below the
) T x \“Q p first Rayleigh—Beard eigenvalue. However, these solutions

vt broke down at the Rayleigh—Bard eigenvalues since reso-
eloci! . . . .
profle Isotherms nant interactions with long-wave convective modes led to

FIG. 1. Definition sketch. An imposed lateral temperature gradient estabynbounded fluid velocities and temperatures. The quasistatic

lishes a thermocapillary return flow as shown, which is then subjected tnalysis also pr,ediCted that the flow changes direction at the
horizontal jitter. first Rayleigh—Baard eigenvalue, causing the fluid to move
in a direction opposite to the driving thermocapillary and
buoyant forces during the supercritical part of the cycle when
alternately opposes and enhances the base flow. We hawe cos{) increases beyond the eigenvalue. We seek to avoid
adopted the sign convention in Ref. 7, i.e., buoyancy enthese nonphysical results by studying the system behavior

hances the base flow when ceg)(is positive. for small but finite frequencies in order to resolve the singu-
~ The modulation imposes a time scale on the systenfarities and predict the flow in the supercritical regime.
given by its time period of oscillation, 2/ w. It is conve- The system under consideration has parallels to prob-

nient to use this time scale to define a dimensionless time |ems studied in dynamic bifurcation theory, which deals with
=wt. Molecular processes in the fluid give rise to two otherchanges in the qualitative behavior of a dynamic system as
time scales, the viscous diffusion tindé/v, wherev, is the  the bifurcation parameter is vari¢see, for e.g., Ref.)8 The
kinematic viscosity, and the thermal diffusion tinag/«, bifurcation parameter is commonly assumed to be indepen-
where k is the mean thermal diffusivity of the fluid. The dent of time. However, in many naturally occurring prob-
Stokes number) = wd?/ v, defines a dimensionless modu- lems, it may vary slowly in time and it is of particular inter-
lation frequency as the ratio of the viscous equilibration timeest to determine the system behavior in this situation.
to the time scale of the modulation and is a measure of th@roblems that involve slow passage through a bifurcation
fluid inertia. Similarly Pf)=wd?/ k, where P& v/« is the  point exhibit two salient featuresFirst, “jump transitions”
Prandtl number, is a measure of the thermal inertia of there observed in which there is a sudden and rapid change in
fluid. the solution as the bifurcation parameter crosses the bifurca-

Lengths are scaled with the slot heightind velocities  tion point. Second, it is seen that the jump transition does not
with the thermocapillary velocity,. . The temperature scale occur at the bifurcation point, but is delayed. This delay is
is dMag, where Ma= U,.d/ « is the Marangoni number. The often anO(1) quantity even though the rate of change of the
other relevant dimensionless group is the Rayleigh numbepifurcation parameter is very small.

Ra=gd*a1B/vk, wherear is the coefficient of thermal ex- In the present case, the system passes through a bifurca-
pansion of the fluid with Racog$)(being a measure of the tion point as the parameter Racdts faries across the
instantaneous buoyant force. Rayleigh—Beard eigenvalue. However, there are important

In this work we investigate the effect of coupled ther- differences between the situation in this problem and the
mocapillarity and buoyancy on parallel flows. It was shownstandard problem of passage through a bifurcation point. In
in Ref. 7 that the coupled flow remains parallel only whencontrast with the commonly studied nonlinear problems of
gravity is confined to the plane of flow. Further, it is clear dynamic bifurcations, the system here remains linear even
that the vertical thermal stratification produced by the basdor the instability since we only consider long wave instabil-
flow is stable with respect to constant vertical gravity, butity modes. Moreover, the bifurcation parameter Ra os (
can become unstable in the presence of vertical modulatiorswings back and forth across the stability boundary deter-
the resulting convective cells are finite wavelength modesnined by the Rayleigh—B®rd eigenvalue. Therefore, the
that are not associated with parallel flows, but will be analo-solution alternates between the subcritical branch below the
gous to those studied in Ref. 3. Our focus is on long-wavebifurcation point and the supercritical branch above the bi-
modes which occur for horizontal modulation. In this case furcation point. We shall show that the amplitude of the re-
the thermocapillary flow breaks the symmetry of the modu-sponse at the jump transition is determined by the finite re-
lated Rayleigh—Beard convection by imposing flow in a sponse at the bifurcation point and the time spent in the
particular direction. Streamwise gravity interacts with thesupercritical part of the cycle.
convected vertical temperature gradients to produce vortic- The paper is organized as follows. In Sec. Il we detall
ity. In the part of the cycle when the applied stratification isthe governing equations and boundary conditions for the
unstable, the vorticity produced enhances the vertical gradhorizontally stratified slot with streamwise modulation. Next
ents which themselves can couple with the streamwise grawe present solutions of these equations. The special case of
ity. Thus there is a complicated interaction between thehermocapillary flow with no body forces is considered in
modulated gravity and the temperature gradients leading to &ec. lll A. In Sec. Il C the structure of the long-wavelength
rich class of behaviors even with the restriction to parallelRayleigh—Beard modes is discussed and in Sec. IlID nu-
flows. merical solutions of the governing equations are presented.

Streamwise modulation was studied in the quasistatidhe frequency and parametric dependence of the solutions
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are examined. We find that inertial effects correct the un-This solution is sketched in Fig. 1 and is often referred to as
physical predictions of the quasistatic solution and resonarthe “thermocapillary return flow.” The thermocapillary flow
interactions with the Rayleigh—Bard eigenvalues lead to a sets up temperature gradients in thelirection which inter-
large response in the vicinity of the eigenvalues which scaleact with the imposed acceleration resulting in a buoyant
exponentially with the reciprocal of the modulation fre- force acting on the fluid. The coupling of buoyancy and ther-
guency. Coupling of the thermal and inertial fields is foundmocapillarity modifies the base flow and is the subject of this
to lead to relaxation oscillations. In Sec. IV we present anstudy.

approximate theoretical analysis to explain the numerical re-

sults. We conclude in Sec. V with a summary of the resultsg, Quasistatic approximation with modulation

The quasistatic approximation treated in Ref. 7 is ob-
tained in the low-frequency limit by settinf identically
Il. GOVERNING EQUATIONS equal to zero. In this case the equations can be decoupled and

_— . admit analytical solutiorfs which exhibit singularities at
The problem definition and scalings have already been ...
. o : critical values of Racog), cosf)>0. We do not repeat
given in Fig. 1 and Sec. |, respectively. The system can b

. . | ~ . : ."those details here. These values of Ra toarg identical to
conveniently described using the vorticity equation written 'nthe Ravleiah—Beard eigenvalues and so it is necessary to
terms of a streamfunctiosr defined such that= ¢, . Using yielg 9 y

the scalings described above, the dimensionless vorticity an%md.y the role playeq by the unstable Rayleighrd¥e con-
: . vective modes in this problem.
energy equations can be written as

Qihyyr= thyyyyt Racogt) Ty, (1) c. Rayleigh-B€ nard modes

QPIT=¢,+Ty,. i) In the slot problem with applied horizontal stratification
gmd constant horizontal gravity, unstable Rayleighrdd

The vorticity equation represents a balance between quimodes are set up when the acceleration acts alona the neqa-
inertia, viscosity, and buoyancy. The heat equation balances P 9 9

thermal inertia with convection and molecular diffusion of tlvf xtdlrdeictul)n. Irt]hth'ﬁ iﬂ?fﬂufrlaﬁglthteh bOdBI/ df%rce\,/wglﬁg
heat. Thus the modulation frequen@yis a measure of fluid acts to displace the hat Tight iuid Dy the cold heavy Tuld,
L ; . .. enhances the return flow. Thus the symmetry of the
inertia while the product Bt is a measure of thermal inertia. Ravleiah—Baard modes is broken by the thermocanillar
Since the flow is a parallel flow intended to model a slot yielgh— y piiary

o S . flow. Since the singularities result from a resonant interac-
with distant end walls, continuity requires that the net flux of . .
. . . tion between the base thermocapillary flow and the unstable
fluid at any cross section of the slot be zero. This local return . N . .
" . convective modes, it is instructive to discuss the pure con-
flow condition enables us to specify on the lower and

uoper boundaries: vective modes with constant gravity and no thermocapillarity
PP ’ for the slot problem.
Yy=0 aty=0,1. (3) Here we consider only parallel flow or long wave modes

Using the no-slip condition at the bottom and the thermocapgg\égt?o:wnsﬁ?greﬂ\?g asveelrir(;gogslgrtehg direction.The governing

illary boundary condition on shear stress at the interface we

obtain two more boundary conditions: yyt= hyyyyt RETy, (10)
yy=0 aty=0, ¢,=1 aty=1. 4 PrT =ty +Tyy. (11
Insulating boundary conditions require that The homogeneous boundary conditions are
T,=0 aty=0,1 (5) ¥=0, ,=0, T,=0 aty=0, (12
lll. RESULTS =0 V=0 T,=0 aty=1. 13

At the onset of instability these modes pass through a sta-

tionary state where the time derivatives vanish and the equa-
In the absence of gravity a base parallel flow driven bytions can be decoupled to obtain

thermocapillarity is present in the slot. In this case the gov-

A. Base thermocapillary return flow

erning equationgl) and (2) at steady-state simplify signifi- Yyyyy= R, (14
cantly: y
T=—f (s)ds. (15)
’pyyyyz 0, (6) 0
Yy +Tyy=0. (7) Equation (14) with associated boundary conditions consti-

_ _ _ tutes a eigenvalue problem with nonzero solutions only for
This problem was studied by Sen and Da¥isho found the  certain values of the parametet =Ra. These solutions can

solutions be written as
Psp=1(y3—Yy?), (8) p=H(y) sinh(x;)—J1(y) sin(x+), (16)
Tsp=—X—75(3y*—4y3+1). (9 with
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h inh 107 . — .
Hl(y) = = (X+y) - > f (X+y) ' (17) ------ Numerical Results S V. A, Suresh
COSh(X_'_) S|nh(X+) 106 r 0=0.1.Ra=300.Pr=1 *. Physics of Fluids 1
. 1 05 L Quasistatic Solution ]
cos(x+y) sin(x.y) g FE A
Ji(y)= (18 foi ]

cos(x+)  sin(xs) '’
and y , satisfies the eigenvalue relation
tan(x.)=tanh(x ). (19

All eigenvalues are well approximated by the formula
~(n+3) = and the first eigenvalue occurs gt ~3.9265,

-

Surface Velocity

. 10'1 C 1 1 § i ‘é 1 1 N 1
€., Ra%237'7' . . . 7 43 5wty 2m 3 8m3 3n
Similarly, the eigenfunctions for temperature are given )
by Time
T=H,(y) Siﬂh()(+) —J,(y) Sin(X+)' (20 FIG. 2. Waveform of the response over one cycle showing the response at
finite frequency contrasted with the divergence of the quasistatic solution.
with
1 (cosh( ) sinh( ) )
Ho(y)= —< sinh(X+); - cosh(X+y) , (22 depth over a complete cycle. Values were recorded at various
X+ X+ X+ depths and for different parameter values. The behavior was
1 (cos(x.y) sin(x.y) found to be qualitatively similar for all variables. Also, the
Ja(y) =~ o S T costen ) (22)  temperature waveforms were found to be similar to the ve-

locity waveforms. Here we present the surface velocity as a
Equations(16) and (20) describe the structure of the measure of the system response.

Rayleigh—Beard eigenmodes. We shall use these results to  Figure 2 shows a waveform of the surface velocity plot-

describe the resonant interactions of the thermocapillary flowed for particular parameter valué@a=300,2=0.1, Pr=1)

and the Rayleigh—Beard modes. across one time period. Figure 3 shows the same quantity as
a function of Racog). A time-periodic solution thus be-
D. Effect of inertia comes a loop when plotted in this fashion. The quasistatic

solutior! is shown as a solid curve for comparison and it

the fluid and thermal inertia of the system. Thus the resonar{ ecomes infinite at the timé, , at which Ra costj=Ra; . In
. L . . . e stable part of the cyclecos ()<0] and over part of the
forcing of a noninertial system is responsible for the singu-

larities observed in the quasistatic limit. In the finite fre- unstable part, the numerical solution closely matches the

. uasistatic solution. In the vicinity of the eigenvalue inertia
guency case we expect inertial effects, no matter how smal . . S
. . : .. slows the growth of the numerical solution, which is still
to modify the system response by preventing singularities. . . i
. . . small when the eigenvalue is reached. In the supercritical
Numerical solutions of the complete set of equations” . . ;
. C T . region beyond the eigenvalue, the numerical solution grows
(1)—(5) were obtained using finite difference techniques. A . . :
. o rapidly and reaches a very large maximum, but remains
Crank—Nicholson scheme second order accurate in time a .
ounded. The extremely large velocity and temperature gra-

space was _used. _The grid was stagger_ed in time with thgients caused by the resonant response makes the flow sus-
streamfunction being calculated at full time steps and the

temperature at the intermediate half time steps. The grigepnble to secondary instabilities associated with finite wave

overlapped the spatial boundaries by one grid interval. Innumber modes. These nonlinear effects could prevent the

order to achieve adequate resolution and verify the numerical
properties of the scheme, different grid resolutions up to 320

The quasistatic approximation corresponds to neglectin

intervals (323 point$ were used. The response was investi- 10’ " A Sureah T ' ST
gated for Ra in the vicinity of the first Rayleigh—Bard 10% | Physics of Fuids FE R
eigenvalue at 237.7, i.e., in the range 23a<500. The %’ 105 L[ 8o Fr= 1, Razs00 (amerea)
qualitative nature of the solutions found in this regime of Ra & o[ S S L
is expected to remain unchanged for</Ra,,~2496.5, the >
second Rayleigh—Bmrd eigenvalue. The modulation fre- & 10°F L
guency and Prandtl were varied in the range 6.01<1 and ‘f:; 102 F f B
0.1<Pr<100. Depending on the parameters, the number of @ 4411 _
time steps in a cycle of modulation ranged fron? 16 5 0

X 10°. Evolution to the desired periodic solution was tested 107y L]

. . . - ‘1 1 1 1 1
by examining the fluid velocity and temperature at the center 10_300 200 -100 0 100 200Ra 30
of the slot as functions of time. Computations were carried R ¢ ¢
out till converged periodic solutions were obtained. a cos(t)
The evolution qf the system response was StUd'e_d D¥|G. 3. Response over one cycle plotted as a function of RakoEHe
following the velocity and temperature values at a fixedwaveform of Fig. 2 becomes a loop as shown.
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FIG. 4. Maximum response of the surface velocity against dimensionless L L
frequency. 0.4 0.5 0.6 0.7 0.8 0.9 1.0

(b) Q

response from reaching the magnitudes found here. HowFIG. 5. Maximum response as a function of frequency for small(&@r.
ever, we focus on developing a description of the long-wavd ™~ 0-1 and(®) Pr=0.25.

response to the modulation and do not consider the effect of

nonlinearities. Further, from Figs. 2 and 3 it is clear that

inertia leads to a delay in the system response as it sweepsrature and resonant velocity amplitudes measured at other
past the eigenvalue and the maximum occurs in the vicinityepths. The points represent numerical results while the dot-
of the eigenvalue during the “down swing” as Racts( ted line shows a best fit given by

decreases from its maximum value. The numerical solution

rejoins the quasistatic solution as the system moves away umaxwi exp f(Ra,Py

from the eigenvalue. Thus it is clear that inertial effects are JO Q

impor'tant onlly. in a small r'egion or inerFiaI time poundary with f(Ra, Pr)=1.495 for the choice of parameters here. The
Iay_er in the V'C'n'ty of the eigenvalue. This region is CharaC'functional form of the fit is justified in the asymptotic analy-
terl_zed by the rapid growth to a large response followed by s in the next section. The resonant amplitude is seen to
rapid decay. increase exponentially with the reciprocal of the modulation
frequency. This result can be attributed to the stabilizing ef-
fects of inertia. As we discuss in later sections, increased
inertia limits the ultimate amplitude to which an unstable
The features described above are observed throughoutode can grow. What cannot be anticipated until further
the parameter space. Thus finite frequency modulation qualanalysis is done is the exponential dependence demonstrated
tatively changes the nature of the system response when the figure.
compared to the quasistatic case by introducing features such In order to determine the Prandtl number dependence of
as a finite response as the system becomes supercritical ttee solutions, plots such as Fig. 4 were generated for various
delay in the system response, and large, but bounded, resBr, keeping Ra fixed. Figuregd@ and 3b) are plotted for
nant amplitudes. So, it is important to determine how thesesmall P.=0.1 and 0.25, respectively while Figgaband &b)
new features depend on parameters such as the modulatiare for large P+10 and 50. A best fit to the functional form,
frequency and the Prandtl number. (23), was obtained for each Pr and Fig$a)7and 7b) show
In order to determine the frequency dependence of th¢he variation off(Ra,Pr) with Pr for small and large Pr,
resonant response, the system response was determined fespectively.
various frequencies for fixed Ra and Pr. Figure 4 shows a Figure 7a) suggests that as Pr0, f(Ra,Pr) approaches
plot of the maximum resonant amplitude of the surface vea constant and becomes independent of Pr. So the resonant
locity as a function of the modulation frequency for-R200  response depends only on the modulation frequency at fixed
and Pr=1. Identical results were obtained for resonant tem-Ra as indicated by23). Physically this result can be ex-

(23

E. Frequency scaling and parametric dependence of
the resonant amplitude
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plained by considering the dominant inertial effects. At small
Prandtl numbers, the fluid inertia, measured(byis much
larger than the thermal inertia, measured b$) Rmd there-
fore controls the magnitude of the resonant response, which
is independent of Pr.

Figure 1b) shows that at large Pf(Ra,P)~1/Pr. So the
resonant response scales as expi@) at fixed Ra. The
large Pr limit corresponds to thermal inertialPdominating
fluid inertia, which then limits the magnitude of the response.

F. Relaxation oscillations

Relaxation oscillations are observed in the system re-
sponse for fairly largé) and PrO(1) as shown in Fig. 8, in
which the surface velocity is plotted as a function of the
instantaneous Rayleigh number. The arrows indicate the pro-
gression of time which is a parameter in the plot. This figure
indicates that as the system returns to the stable part of the
cycle, the surface velocity exhibits damped oscillations about
its quasistatic value. The oscillations are observed as the
large resonant response dies down, but are not present as the
system moves from the stable part of the cycle to the un-
stable part. The fact that they are observed only when the
fluid and thermal inertia are comparable suggests that the
mechanism responsible for the oscillations involves a cou-
pling of the fluid and thermal fields. This reasoning is borne
out by the analysis in Sec. IV.

Oscillations were observed at all values of Ra consid-
ered, but the threshold values @f and Pr at which oscilla-
tions were first observed and the amplitude of the oscillations
depended on Ra. As Ra was increased at con§teemd Pr,
higher amplitudes were observed, indicating that the ampli-
tude of the oscillations depends on the time spent by the
system in the supercritical regime. However, the qualitative
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features of the oscillations are expected to remain unchanged Racoqt)
between the first and second RayleighaBel eigenvalues PriQ?By +a;Q(1+a,PrB+ag| 1- R—ac) B

At a given Ra and Pr, oscillations were found to be
absent below a threshold frequency, in keeping with the =a,Racoqt), (26)

proposition that coupling of the fluid and thermal fields is

responsible for them. Oscillations were also not observed ayhere the{a;} are constants defined in Appendix A and are
very high frequencies at which the resonant response wagll positive. HereA(t) has been eliminated from the dynami-
completely damped by inertia. For intermediate frequenciesgal system, but as a result of the general form of the energy
oscillations of varying amplitudes were present which in-equation, is always related ®(t) as
creased as the frequency was decreased. However, the am-
plitude of the oscillations relative to the resonant amplitude Pr
of the response increased with frequency. A=B+—B;,. (27)

In summary, the numerical analysis establishes that in- a1}
ertial effects resolve the singularities found in the quasistatic
solution. The system response in the stable part of the cycle Equation(26) describes a damped and forced oscillator.
is found not to vary significantly from the quasistatic solu- The damping coefficiera; 2 (1+a,Pr) consists of two con-
tion. However, the growth of the response in the unstabldributions:a;{) from the fluid inertia and,a,Pr(} from the
part is moderated by inertia, leading to a finite thermal inertia. This clearly indicates the role of inertia in
O(Q~Y2exp (10)) response at the Rayleigh-fard eigen- limiting the system response. The forcing teaxRa cost)
value. Inertia is also found to cause @'(1) de|ay in the results from the thermocapillary base flow or, equivalently,
onset of the resonant response even for salThe amp"- from the thermocapillary stress at the interface. The coeffi-
tude of the resonance is found to be depend on the finitgient of the final term on the lefgy(1—Racos{)/Ra), is
frequency response at the eigenvalue as well as the tim@ositive in the subcritical region, Ra cdp<{Ra and acts as
spent by the system in the supercritical part of the cycle@ restoring force. In the supercritical region it changes sign
Relaxation oscillations are observed in a certain parametednd acts as an energy input, leading to the large resonant

range when the fluid and thermal inertias are comparable. response. Finally, the term ®7B,, represents the coupling
of fluid and thermal inertia. We shall show later that this

coupling is responsible for the relaxation oscillations ob-
served in the numerical solutions.

IV. ANALYTICAL RESULTS

A. Galerkin expansion

The coupled partial differential equatiofi and(2) do  B. Large and small Pr results

not admit a straightforward analytical analysis. Therefore, it In general, it is complicated to obtain asymptotic solu-

is useful to develop an approximate theoretical approach ilf\ons for the oscillator equatiof26). Therefore, it is conve-

order to gain insight into the behavior of the system. Thenient to consider the limiting cases 20 and Prc,

numerical solutions suggest that the system response is 9o finjte in order to obtain simple analytical resuilts for
erngd by resonance ‘gl'th the unstart])le ;Qaylelg'h?am the frequency and parametric dependence. These limits cor-
modes, so _'t Is reasonable to a§sumet .att e spatia Structq@spond to dominant fluid and thermal inertia, respectively.
of the solution resembles the eigenfunctions of the long Wav&pic allows us to neglect the coupling of fluid and thermal

Rayleigh.—Befar(.:i mode; described in Sec. ”.I C. Under thisinertia and thu$26) reduces to a first-order differential equa-
assumption, it is possible to use a Galerkin expansion ®on in both cases. Also. in the former caaga,P0B, in
decoup[e the time qnd spatial dependence of the equatiora%) can be neglected co,mparedathBt while in the latter
and derive a dynamical system for the response. casea, (1B, can be neglected comparedaga,PrOB,. The

b Wﬁ resdtrlct our atte?tlon to 'r('jStimTeoﬁ Rlaylefz:g:}gum'structure of the differential equation is identical in both cases
ers that do not greatly exceed the first Rayleig and can be represented by

eigenvalue, Ra=237.7. So, we use a one term Galerkin ap-
proximation and seek solutions of the form

MB=£Racos{t), (28

B+ Q Q

Py, =AM YY)+ dsp(y), (24)

T(y,t)=B(D)T(y)+ Tsp(y). (25 where

Here ¢(y) andT(y) are the spatial eigenfunctions given by Ra
(16) and(20). ¥sp andTgp are the Sen and Davis solutions b(t)= m( 1— — cos(t)
described in Sec. IllA and are used homogenize the ther- Ra,
mocapillary boundary conditiot¥).

Following the usual Galerkin procedure detailed in Ap-and Ra is the critical Rayleigh number defined previously.
pendix A, the following equation governing the time evolu- The constantsn and p depend on the particular limit being
tion of the system is obtained: considered, and are defined as

: (29

Downloaded 18 Jul 2006 to 128.160.53.106. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



2572 Phys. Fluids, Vol. 11, No. 9, September 1999 Suresh, Christov, and Homsy

Pr—0 Pr— oo The asymptotic analysis also shows that in the supercriti-

Pr) cal region the solution grows exponentially and reaches a
A()=B(t) A(t)=B+ a_Bt maximum given by

1
2@ d(ter) — d(te2)
a ~
m=agla; m=—— BOTPREN —05 (it exp( a |
Pra,a, (36)

a4 Heret., is the time at which the system returns to the sub-

Pra;a, critical regime, i.e when Ra co§£Rg,. Thus the maximum
Certain features of the numerical results are reproduce@CCUrs when the system crosses the RayleignaBeeigen-
by (28). The quasistatic solution a28) is given by value as indicated by the numerical results. This expression
determines the frequency scaling of the resonant response
pRacogt) (30) which was used to determine a fit for the numerical results in
di(t) Figs. 4—6. The Pr dependence can be retrieved by noting that
L . m, and hencep(t), is independent of Pr in the small Pr limit
Bys(t) becomes infinite at a timé=t;; when Racostj

- dth q he breakd tth * and scales as 1/Pr in the large Pr limit. Thus it is clear that
=Ra and thus reproduces the breakdown of the quasistali,o G jerkin approximation in the limit of extreme Prandtl

solution at the critical Rayleigh number. numbers captures the qualitative features of the system re-
The exact solution of28) is given by

p=as/a; p

qu(t):

sponse.
P o) [t (s)
B(t)= 5exp< - T) foRacos(s) exp(T ds,
(31 C. Pr~0(1) results
where The complete second-order oscillator equati@f) has

to be considered when PO(1). However, it is sufficient to
) (32)  study the homogeneous form of the equation in order to de-
termine the features of the solution:

3 ( Ra
d(s)=m s—ﬁsm(s)

This solution is bounded at all times for nonzé&po a Racoqt)
. . . . . 2 3 _

It is not possible to obtain an exact analytical expression By +a;() B+ Prit™ T) B=0.
for B(t) from (31). However, asymptotic expressions for

A (37)

B(t) can be developed for smdll, as explained in Appen- o i
dix B. It is possible to determine the scaling properties of the ~ The Wentzel—Kramers—Brillouin(WKB) method is
solution from these expressions. used to analyze this equation as explained in Appendix C.

The asymptotic analysis shows that in the subcritical partf Nis analysis shows that a suitable change of variable,

1+
pr a2

of the cycleB(t), to leading order i, takes the form (_1 o1 )
= = —+
b Racost) B(t)=exp Zﬂfoal Br a, | ds]Q(t), (38
B(t)~ WZBO'S(U' (33
bs transforms(37) into
This indicates that the solution remains close to the quasi- 02Q,— B(HQ=0 (39)

static solution in the subcritical part of the cycle.
As the system approaches the critical point, this expreswhere
sion is replaced by

2 2
aj(1/Pr+a,)® as(Racoqt)
B(t)~p Racogt) ﬁ a ‘ ’ P R& ) “
~pRaco —
—2Q¢sd1) The WKB variable is then defined as
$e(1) ) ( s(t) ) 1
xXexp| — s~ | 1-erf| ———| |, =—f t) dt, t)>0, 41
Pl = 2040 0500 o=q| VB B (41)
(34) i
=—| V=Bt dt, t)<0, 42
where erf is the error function. At the critical poibt., 7 Qf AL A 42
when the system crosses over into the supercritical regim%nd (39) has solutions of the form
¢s(tc1) =0 and the solution reduces to
Q(t)~by exp(a) +byexp(—o). (43)
aa
B(tc1)~pRaC\/_—. (35 In the supercritical region3(t)>0 and thus the system ex-
20 psdte1)

hibits an exponentially large response. Ald8) retrieves the
Thus the system response at the critical point is bounded arekponential scaling of the response with the inverse modula-
scales a€) Y2, tion frequency, which is in agreement with the numerical

Downloaded 18 Jul 2006 to 128.160.53.106. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



Phys. Fluids, Vol. 11, No. 9, September 1999 Resonant thermocapillary and buoyant flows . .. 2573

200 — T T T T T solutions of the complete set of governing equations and to
A e i determine the parametric dependence of the response. While
the full solutions give “exact” numerical solutions, we
100 . found it helpful to develop a dynamical system for the re-
sponse using truncated Galerkin expansions. The analytical
solution for the dynamical system allows an asymptotic
analysis which gives insight into the scalings and the physics
which are also exhibited by the full numerical solutions.
As the system approaches the critical point, the flow in
. the slot is accelerated by the unstable stratification and, being
a parallel flow, there are no nonlinearities to limit the re-
] sponse. However, finite inertia—either fluid or thermal
inertia—retards this acceleration and the amplitude at criti-
cality, while large, is bounded and scales@d) ~*?). This
finite response provides a starting point for the exponential
growth of the solution in the supercritical region, as the flow
now grows to large amplitude due to the fact that some of the
eigenvalues of the systefeither the dynamical system or
the partial differential equationsare positive. This corre-
sponds to an acceleration of the flow in the same sense as the
] underlying thermocapillary return flow, which serves to
i break the symmetry of the stability problem and also provide
-500 T T T T T T Tt the “forcing perturbation” for the exponential growth.
-300  -250  -200 R;liz 0 100 -%0 0 These inertial effects lead to aB(1) delay in the system
response for very small frequencies, i.e., the rapid growth is
FIG. 9. Response curves showing the relaxation oscillations for a range dhot coincident with the crossing of the bifurcation point, but
frequencies. Note that the range of Ra dp®yer which they occur is ap-  takes some time due to the need to accelerate flow and tem-
proximately constant. perature fields that have finite inertia. Exponential growth
then occurs, as expected, until the modulation returns the

results presented in Fig. 4. Thus the coupling of thermal angquy;ﬁ;gvz Z?i?:ﬁ%?;s\;ﬁlzir?f;?égi fg't('jceilé?t which time

fluid inertia does not qualitatively change the nature of the . . .
d y 9 Analytical results suggest a scaling for the maximum

frequency scaling. . -12
This solution is also able to predict the occurrence Ofamplltude reached by the flow to ke exp ({/(2). The

relaxation oscillations sincé43) indicates that whers(t) resonant response, measured‘,b;yas found _to be cor.ltrplled.
<0, the solution is oscillatory in nature. From the definition by the domma@nt inertial effect. Therefore, in the fluid '”eft'a
of B, itis found that the oscillations are predicted to occur incontrolled regimegPr—0), the response was found to be in-

the stable part of the cycle when Ra cts0, in accordance dependent of Pr a_nd to scale expo_ne_ntially with the recipro-
with the numerical results. Further, singét) is independent €@l Of the modulation frequencf). Similarly in the thermal

of the modulation frequency, the range of Radpsoiver inertia dominant regiméPr—), there was an exponential

which the relaxation oscillations are observed is also predependence on 1/0r _ _
Interestingly, coupling of the fluid and thermal fields

dicted to be independent of the modulation frequency. In Fig. ’ i )
9, the relaxation oscillations obtained from numerical solu-Was found to cause relaxation oscillations in the parameter

tion of the equations are plotted for different modulation'@nges PrO(1) for fairly large (1. That such oscillations
frequencies at fixed Ra and Pr. It is found that the oscillasShould occur is made clear by examining the Galerkin ap-

Ra cos{), independent of). phase with the temperature in the extremes of either high or

low Pr[refer to the equations relatingy(t) andB(t) follow-
ing Eq. (26)]. Thus, in the process of the decay of perturba-
V. DISCUSSION AND SUMMARY tions back from the large resonant response to the ther-

Our focus in this paper has been to study the effect omocapillary return flow, the velocity and temperature
small but finite inertia on a modulated flow that crosses a&components are of varying phase relationship to one another
bifurcation point in a periodic fashion. In the absence ofand oscillations ensue. If on the other hand, Pr takes either
inertia, the solution becomes infinite at the bifurcation pointextreme, the phase is fixed and the decay is monotonic, being
and the flow structure predicted for later parts of the cyclegoverned by either the fluid or thermal inertia. The threshold
have no physical significance. Thus the study of finite inertidfrequency for the onset of oscillations was found to increase
is required to remove both the unphysical singularity and teas Ra was decreased at constant Pr.
allow prediction of the flow structure and response for super-  Of course the flows computed here by either numerical
critical conditions. Numerical methods were used to obtairor asymptotic methods are not expected to be stable, as they

-

o

=}
1

Ra =500, Pr=1

-200

Surface Velocity

-300

-400 -
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represent very large yelomhe(;and associated shear rgtes 352)(2;«\]2, 3, Sir? (x+)—(Hy, Hy) sint? (x2)),
and temperature gradients which would undoubtedly become .

unstable to shear and buoyancy instability modes charactetith H; and J; defined by Eqs(17), (18), (21), and (22).
ized by finite wave numbers. While these are not considerefefining

in the present paper, the solutions found here, together with s . o
2 3 5

the development of a method of extending solutions pastthe ¢,=—=, c;==, cs==, (A6)
bifurcation point, are an important first step in analyzing C1 C1 Cq
these secondary instabilities. the time evolution equations can be written as

QA= —-c,A+c,Racoqt)B—czRacoqt), (A7)
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APPENDIX A: GALERKIN APPROXIMATION _a,Racodt), (A9)
Approximate solutions of the form where
Yy =AM YY)+ sply), (A1) a,=Cs,
T(y,) =B T(Y)+Tsp(y), (A2) a;=Cy/Cs,
where #/(y) and T(y) are the Rayleigh—Beard eigenfunc- a3=CsCo,

tions discussed in Sec. Il C antkp(y) andTgp(y) are the
thermocapillary return flow solutions, are assumed for the

governing equationgl) and (2). Upon using these in the
governing equations we obtain the following equations forAPPENDIX B: ASYMPTOTIC EVALUATION OF B(1)

a.4: C5C3 .

the time evolution of the coefficien#s(t)andB(t): In this section we present an asymptotic analysis of the
— — = equation
QA= Adhyyyy+ RacOSt) (BT, — tsp), a3 ©
_ p d(t)| [t #(s)
QPB,T=Ayy+BT,,. (A4) B()=5 exp| — | | Racoss)exp| =5 ds,
0
Following the usual Galerkin method, the inner product is (B1)
defined as with
Lok Ra
(a,b)= fo ab* dy, (A5) d(s)=m| s— R—accos(s)). (B2)

where the asterisk denotes the complex conjugate. Residuglge se Laplace’s meth&twhich is commonly used to de-
are constructed by taking the inner product(&B) with ¢/  termine the asymptotics of integrals of the form
and (A4) with T. Upon setting the residuals equal to zero,

b
the following pair of coupled, nonhomogeneous ordinary dif- I(G)ZJ f(s) exp @ ds, €—0, (B3)
ferential equations are obtained faandB a €
- AL - heref(s) and (s) are real and continuous functions. The
c1QA;=—c,A+c,Racoqt)B—csRacoqt), w ; . . .
s 2 2 o 3 M method is based upon the idea tha#(E) has a maximum in
C4Pi)B,=CsA—CsB, the intervala<s<b ats=c, the leading order contribution

to I(e) is from a small neighborhood in the vicinity af
Thus it is possible to approximate the integral by

@) ds, (84)
€

where
1= x2((J1, 1) Sir (x+)—(Hy, Hy) sink? (x1)),

Co=xL((Hy, Hy) sink? (x4)+ (I, I1) Sir (x4)),

I(e)%l(e,&)sz((s)f(s) exp

where N(6) is a &neighborhood ofc. The choice ofé is

C3=(J1, ¥sp) SiN(x+)—(H1, ¢sp) sinh(x+), arbitrary {such thatN(5) lies in the interva[a, b]} and the
= _ ; final answer must not depend on the particular choicé.of
=(H,, H 13 —2(H,,J Ny : )
Ca=(H2, Hz) SnfF (1) =2(Hz, 37) Thus it is to necessary determine the maximunp¢s)
X sinh(x+) sin(x+)+(Js, Jo) Sir? (x4), in the interval[ty,t]. The effect of linear drift terms, ¢(s)
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10 T T T T T T T T v T T T

B(t RR t ! (1— (_—5))
V. Suresh (t) acogt) —— ) exp a

Physics of Fluids

p
~ —Racoqt
aRecos s ¢s(t>
The last approximation is valid since exp§/(}) is exponen-
tially small compared to 1. Thus the final asymptotic result is
independent of the choice @t

(B7)

o(s) This expression is valid away from,;. The one-term
Taylor expansion is not accurate in the vicinity tgf since
¢4(t) is close to zero. In this case a two-term expansion is
used:

i : ) dsdt) 2
AL REGION| | REGION:Il : REGION Ili_ ()= (1) + (D(S— D+ ——(s— D)% (B8)
Now the integral takes the form
3r : : . 2
: P P #s(t)
I L ! . | I ! LI B 1 n —~ _
x 4n3 5Td31 2 171:/31 83 3n B(t)~  Racos) exp( 20V
e et y ft exp( ) (S_( ) ))2) i
Time -5 2Q) bst) '
FIG. 10. Schematic showing the dependence of the integrating factor in the (B9)
Galerkin equations as a function of time, with the definitions of the regions
and times. Since ¢.(t)<0 near the local maximum ofp(s) at s

=t.1, the integrand is the exponential of a negative quantity.
. This enables us to replace the lower limit of integration by
cancels out between the two exponential¢Ba) and there-  _ . gjnce the contribution to the final result from the interval

fore B(t) has periodic solutions. Thus it is sufficient to [—o,t—35] is negligible. After some manipulation, the

evaluate the asymptotes B(t) in the course of a single time  apove equation can be written in terms of the error function
period. The variation ofp(s) in the time period 7,37] is  gg
sketched in Fig. 10. Depending on the valuet,othree re-

gions can be identified in Fig. 10. tflies in regions | or llI B(t)~ pRa cost) / ™
the maximum occurs at the end point of the inters:alt. In P —2Q0 ¢sdt)

Fig. 10, region | corresponds to the interyat,t.;], where
te1 is @ local maximum ofp(s) and is defined bypg(tcq)
=1-Racos{(y)/Ra=0. So t;, corresponds to the
Rayleigh—B@ard eigenvalue and region | is the subcritical

xXexp| —

$2(1) errf( (1) H
20 ¢sdt) V=20¢(t)] |

part of the cycle. Region Ill comprises of the interval (B10)
[tes,37] where t.; is defined by the conditiong(tgq) where

= ¢(ts3) as shown in Fig. 10. Region Il then is the interval

[ter,tes] and contai.ns \./vithin.it the supercr_itical part of the erf(s)= — f exp(—u?) du (B11)
cycle,[te1,te2]. If tlies in region Il, the maximum occurs at N

s=t.;. In each of these regions, Laplace’'s method prowdes

asymptotic evaluations of the integral (B1). the error function.

Whent is relatively far fromt;,, the argument of the
error function is large. For largg it can be shown by inte-

1. Region | gration by parts that
Since the leading order contribution is from the vicinity )
of s=t, ¢(s) can be approximated by a Taylor expansion  €(8)~1— S eXp(=s ) (B12)
aboutt:
This shows that away frorty,, (B10) reduces taB7).
d(s)~ (1) + ds(t)(s—1), (BS)
and the integral takes the form 2. Region Il

In this region the leading order contribution is from the

p t Ps(t)(s—1)
B(t)~ ﬁRa cogt) Jt_éeXp( Q ds. (B6) vicinity of s=t.;. A Taylor expansion about this point gives
Here 6>0 is an arbitrary number such that 6=t,. This B(S)~ d(ty)+ Pt cl)( )2, (813

integral can be evaluated to give
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since ¢4(t;1) =0. Following the previous development, it is

then straightforward to show that

B()~PRa, \| 54y OXP(( (L)~ H(D)/Q)

- ¢ss(tc1)
20

Thus the solution is exponentially large in region Il. As

X|1+erf . (B14)

(t_tcl))

Suresh, Christov, and Homsy

o= (;—f V=Bt dt,  B(t)<0. (C6)
These give the solutions to leading order(lnas
Q(t)=pB(t) Y41, cosh(o)+1,sinh(—a)), B(1)>0,
(C7
Q(t)=(— (1)~ (mycos(o) +mysin(a)), B(t)<0-(08

moves away fromt.; the error function approaches 1 and These solutions are not valid at the turning point. In the
B(t) attains its maximum whew(t) passes through its local Vicinity of ty, a new variablef=t—t, is defined angB(t) is

minimum att=t.,. This point is defined byp.(t.,) =0 and
thus corresponds to the Rayleigh+Bed eigenvalue. The
maximum is thus given by

2
B(t)~pRacogt,;) \/%

Xexp((d(ter) = P(te2))/Q) .
3. Region Il

As the upper limit of the intervalt, increases beyond
teo, ¢(t) increases as seen in Fig. 10 aBdt) in (B14)
starts decreasing. Eventually isrossed.; the leading or-

approximated as3(t)~ f(Ra,Pry+0(¢?). Equation (C3)
can then be written as
0%Q,=f(Ra,Py{Q. (C9)

Another change of variablé= (f(Ra,Pr)*3Q %3 reduces
(C10 to the standard form

Q= £Q, (C10
which admits the solution
Q(§)=p,Ai(&)+pLBi(d), (C1)

whereAi(¢) andBi(&) are the Airy functions.
Matching(C11) with (C7) in the limit {é—»,{—t, and

der contribution comes from the vicinity ofIn this case the yith (C8) in the limit £— — o0, /—t{ results in the following
analysis of region | is applicable and the solution is given by,g|ations between the constants of integration:

(B7).
Equations(B7), (B10), and(B14) thus provide the com-

plete asymptotic solutions fdB(t). These expressions are

valid over
=0,1,2....

any time period[(2n+1),(2n+3)7],n

APPENDIX C: WKB ANALYSIS

The WKB procedurt is used to analyze the homoge-

neous form of(26):

O%By+a,;Q i+a B+% _ Racodl) B=0
S pr 92 P pr Ra. :
(CyY
A Liouville transformation
—1(t 1
B(t)=exp(ﬁfoa1 5r+a2 ds)Q(t) (C2

transforms(C1) into a form suitable for WKB analysis:

0?Qu—B(1)Q=0, (C3
where
2(1upP 2
( :al( 4r+a2) 2_3; Ra;(;j(t)—l). (Ca

Since the{a;} are all positive,3(t) has two zeroes in the
course of a time period at=ty andt=2m7—t,. Away from

|2:2|1,
m;=m,=242ay,

p1=p,=27(f(Ra,P)Q) o

This provides a complete solution (87) to leading order in
Q.
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