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The steady incompressible Navier –Stokes equations are coupled by a Poisson equation for the pressure
from which the continuity equation is subtracted. The equivalence to the original N – S problem is
proved. Fictitious time is added and vectorial operator-splitting is employed leaving the system coupled
at each fractional-time step which allows satisfaction of the boundary conditions without introducing
artificial conditions for the pressure. Conservative second-order approximations for the convective
terms are employed on a staggered grid. The splitting algorithm for the 3D case is verified through an
analytic solution test. The stability of the method at high values of Reynolds number is illustrated by
accurate numerical solutions for the flow in a lid-driven rectangular cavity with aspect ratio 1 and 2, as
well as for the flow after a back-facing step.
Keywords: Incompressible flows; Operator-splitting; High Reynolds numbers; Navier – Stokes
equations

INTRODUCTION
A fully implicit coupled method for solving Navier–Stokes
equations has been proposed in Christov and Marinova
(1998a) for the two-dimensional case, where a modified
equation for pressure is used instead of the continuity
equation. The formulation with pressure equation requires
the continuity equation to be satisfied at the boundary. This
method can be viewed as an extension to the case of primitive
variables of the method of false transients—a time derivative
with respect to artificial time is added in the modified
pressure Poisson equation. In order to minimize the
computational cost, the resulting system is solved by
coordinate operator-splitting which is preferable in our work
(comparing with pressure–velocity decoupling) not only
for computational efficiency but also for stability reasons.
In Christov and Marinova (1998a,b; 2001) a special
treatment for the split operators is proposed which leaves
the pressure function coupled to one of the velocity
components. Thus no artificial boundary conditions are
needed for the pressure and the scheme can be fully implicit.
To enhance the stability, fully coupled methods with various

*E-mail: marinova@nal.go.jp
†
Corresponding author. E-mail: christov@louisiana.edu
‡
E-mail: marinov@ualberta.ca
ISSN 1061-8562 print/ISSN 1029-0257 online q 2003 Taylor & Francis Ltd
DOI: 10.1080/1061856031000114300

forms of continuity or pressure equations are often used in
the literature, see Mallison and de Vahl Davis (1973), Soh
(1987), Habashi et al. (1993) and Hafez and Soliman (1993).
In this work, our main goal is to present the new method
and to illustrate its effectiveness for obtaining the steadystate numerical solution at high Reynolds numbers using
fine grids. The article is organized in sections as follows:
the problem is introduced in the second section, where the
modified equation for pressure is derived and the method
of false transients is applied. Next, in the third section,
the vectorial operator splitting method for solving the
obtained evolution problem is presented, while the
difference approximation and respective algorithm for
solving the difference problem are described in the fourth
and fifth sections. To demonstrate the properties and
abilities of the method, in the sixth section we present and
discuss some numerical results for different problems: test
with 3D analytic solution and 2D lid-driven flow in a
cavity. Accurate numerical solutions for the flow over a
backward-facing step in a channel are obtained for high
Reynolds numbers extending the parameter range of our
previous computations (Marinova et al. (2000)).
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The seventh section summarizes the results obtained in the
present paper.

PROBLEM FORMULATION
Consider the steady incompressible Navier – Stokes
equations
1
Du 2 7p 2 C½u ¼ f
ð1Þ
Re

Moreover, for the nonlinear operators in each direction




1 ›ðwuÞ
›w
1 ›ðwvÞ
›w
þu
þv
; C y ½w ¼
;
C x ½ w ¼
2 ›x
2 ›y
›x
›y


1 ›ðwwÞ
›w
þw
C z ½ w ¼
;
2 ›x
›z
under the assumption of homogenous boundary conditions
we have
ðCx ½w; wÞ ¼ ðCy ½w; wÞ ¼ ðCz ½w; wÞ ¼ 0:

ð6Þ

coupled by the continuity equation
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7· u ¼ 0

ð2Þ

in a bounded compact domain V with a piece wise smooth
boundary ›V. Here x [ V; u ¼ uðxÞ is the velocity vector,
p ¼ pðxÞ is the pressure and f ¼ fðxÞ is the force vector.
The Reynolds number is defined as Re ¼ UL=n, where U
is the characteristic velocity, L is the characteristic length
and n is the kinematic coefficient of viscosity.
In numerical solution of the incompressible Navier–
Stokes equations the determination of the pressure field is a
serious task. If a portion of ›V is a free boundary then the
non-flux conditions for the velocity, say u·n ¼ vn ; together
with the magnitude of the pressure are specified. Such a
case is simpler since one gets an explicit condition for each
function at the boundary. The case of internal flows with
no free boundaries is more complicated because the
pressure p is an implicit function and no boundary
conditions are available for it. In our consideration we
assume that the velocity is prescribed at the boundary ›V
uj ›V ¼ u b :

ð3Þ

In Eq. (1) the operator C[u] is a short-hand notation for
the advection term. For this term we use the skewsymmetric form
C½u ¼

i
1h
1
7 · ðuuÞ þ u·7u ¼ ðu·7Þu þ uð7·uÞ
2
2

1
¼ 7 · ðuuÞ 2 uð7·uÞ;
2

ðC½u; uÞ ¼

u·C½u dx ¼
V

¼

¼

ð
ð

ð4Þ

ð

1
u·½7 · ðuuÞ þ u·7u dx
V2

1
½u·7ðu 2 Þ þ u 2 ·7u dx
2
V
1
½7 · ðuu 2 Þ dx ¼
V2

þ

1 2
u vn ds ¼ 0:
›V 2

Pressure Equation
Instead of the continuity equation we use a Poisson
equation for pressure. This equation is derived from the
well-known “Poisson equation for pressure”
Dp þ 7· ðC½u þ fÞ ¼ 0

1
1
Dp 2 7 · u þ 7 · ðC½u þ fÞ ¼ 0:
Re
Re

ð9Þ

The formulation with the equation for pressure (9) is
equivalent to the original system only if the continuity
Eq. (2) is also satisfied on the boundary, namely
ð10Þ

Thus we arrive at a new boundary-value problem (1),
(9) with boundary conditions (3), (10) for the primitive
variables u and p which is equivalent to the original
problem. Any solution of the system (1), (9), subject to the
boundary conditions (3), (10), is a solution of the original
boundary value problem (1) – (3). The proof of this
statement can be obtained in the following way: apply the
operator 7 to Eq. (1) and from the result subtract Eq. (9)
multiplied by Re. Then for the divergence 7·u we get the
following boundary-value problem
Dð7 · uÞ 2 Re2 ð7 · uÞ ¼ 0 for
7 · u ¼ 0 for

ð5Þ

ð8Þ

after multiplying Eq. (8) by 1/Re and from the result
subtracting the continuity Eq. (2). In this way one obtains
an explicit relation for the pressure p

D·uj ›V ¼ 0:

which follows from the continuity Eq. (2). It is readily
shown that the operator C is skew-symmetric for any u
from the considered space with trivial boundary
conditions, namely
ð

Here w is one of the velocity components u, v and w.
For instance, in direction x

ð 
ð
w ›ðwuÞ
›w
1 ›ðw 2 uÞ
ðC x ½w; wÞ ¼
þu
dx ¼ 0:
dx ¼
2
2 ›x
›x
›x
V
V
ð7Þ

x [ ›V;

x [ V;
ð11Þ

with Eq. (10) duly acknowledged. The boundary value
problem (11) has a unique trivial solution, hence the
continuity Eq. (2) is satisfied in the entire domain V.

INS USING OPERATOR SPLITTING

The above statement provides the sufficient condition for
one-to-one correspondence between the two formulations.
The necessity follows directly from the way the new
system is derived. Hence the equivalence between the two
boundary value problems is established.
Evolution System
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To compute the stationary solution we render the system to
an evolution system by adding in each equation of the
governing system (1), (9), derivatives with respect to an
artificial time t. Thus, we obtain the following parabolic
problem

›u
1
Du 2 7p 2 C½u 2 f;
¼
›t Re

ð12Þ

›p
1
1
Dp 2 7·u þ ð7·C½u þ fÞ:
¼
Re
›t Re

ð13Þ

This is not the real physical non-stationary problem. The
system (12), (13) has no physical meaning until a steady
state is reached. A similar procedure has been proposed by
Mallison and de Vahl Davis (1973) for the c 2 v
formulation and called “Method of False Transients”.
The parabolic system (12) and (13) can be viewed as an
extension to the case of primitive variables. The pseudotime step is an additional parameter in the scheme that can
be varied to accelerate convergence. Upon convergence,
the pseudo-time term vanishes, and Eqs. (1) and (9) are
satisfied. Here, it is to be mentioned that dynamical properties of the system (12), (13) can have little in common
with the dynamics of the real time-dependent problem.
What matters in the Method of False Transients is the
stationary solution obtained after the time-stepping
converges. A different kind of false-transient algorithm
(artificial compressibility) was used in Soh (1987) where a
time derivative of pressure was added to the continuity
equation.
One should note that the main difference between the
false transients and artificial compressibility is that the
former leads to a system which is parabolic while the latter
results in a system which is hyperbolic in the space of
solenoidal functions (vector functions of zero divergence).
We render the system for u and p into the following
vectorial system

›u
¼ L½u þ N½u þ F½u;
›t

ð14Þ

In incompressible flows the pressure is defined up to an
arbitrary function of time. For the sake of convenience we
define this function similarly to Abdallah (1987) as the
average of the pressure at the specific time stage, i.e. we
assume (for pressure uniqueness) that the following
relation is satisfied
ð
pðx; tÞ dx ¼ 0; t . 0:
ð15Þ
V

OPERATOR SPLITTING
We employ a generalization of the scheme of Douglas and
Rachford (1956). One of the main reasons for our choice
to make use of this particular scheme is that it can be
applied in the three-dimensional case as well. For splitting
the operator A ¼ A1 þ · · · þ Al in the equation

›u
¼ Au þ G
›t

ð16Þ

we make the following steps
l
X
u mþ1=l 2 u m
¼ A1 u mþ1=l þ
Ai u m þ G m
t
i¼2

u mþi=l 2 u mþði21Þ=l
¼ Ai ðu mþi=l 2 u m Þ;
t

ð17Þ

ð18Þ

i ¼ 2; . . .; l;
where l ¼ 2 and l ¼ 3 in two- and three-dimensional
cases, respectively. The splitting scheme approximates the
fully implicit backward scheme. We are interested in the
converged solution and therefore the order of approximation with respect to the artificial time is not important.
Note that the first fractional step produces consistency
with the equation, and the next steps are introduced to
improve the stability. For this reason the splitting scheme
is called a scheme with stabilizing correction, see Yanenko
(1971).
After excluding u mþi=l ; i ¼ 1; . . .; l 2 1; from Eqs. (17)
and (18) the scheme in whole step adopts the form
l
Y

ðI 2 tAi Þ

i¼1

u mþ1 2 u m
¼ Au m þ G m :
t

ð19Þ

We take

where
u
u¼

373

p

!

D=Re 27
; L¼
2f

F½u ¼

27 D=Re
!

7 · ðC½u þ fÞ=Re

!
N¼

2C 0
0

:

The boundary conditions are Eqs. (3) and (10).

0

!
;

A 1 ¼ Lx þ N x ;

A 2 ¼ Ly þ N y ;

A3 ¼ Lz þ N z ; ð20Þ

where Lx, Nx are the respective operators of the derivatives
with respect to x, Ly, Ny - with respect to y, and Lz,Nz - with
respect to z-direction.
The above splitting scheme (19) has the desirable
property that, if the numerical solution converges, its
steady state solutions are independent of the time
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increment. It is readily seen that upon convergence,
ku mþ1 2 u m k ! 0; the expression for the error in
approximation of the steady-state equations does not
involve the increment of the artificial time.
The main advantage is that due to the economy of the
computer time and memory required, the schemes of
stabilizing correction are very efficient for solving
multidimensional problems. The operator-splitting
schemes are economical as explicit schemes and can
retain the unconditional stability inherent in some of the
implicit schemes.

Similarly the spacings for v in direction y and for w in
direction z are defined
hvy;1 ¼ hpy;1 ; hvy; j ¼

1 p
h þ hpy; j21
2 y; j

for j ¼ 2; . . .; N y 2 1;

hwz;1 ¼ hpz;1 ; hwz;k ¼
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We choose the approximations of the differential
equations and boundary conditions for which the
numerical scheme preserves the integral properties of
the respective differential problem. For finite difference
schemes it is not a trivial task especially in the case of
operator-splitting.
For the case under consideration, the flow occupies the
region with rectilinear boundaries in Cartesian coordinates. The boundary conditions deriving from the
continuity Eq. (10) in the three-dimensional case read

›u
›x

¼ g1 ð y; zÞ;
ðx¼c;y;zÞ

›v
›y



1
ui; j; k ¼ u xi 2 hpx;i21 ; yj ; zk ;
2

where ðx ¼ c; y; zÞ; ðx; y ¼ c; zÞ; and ðx; y; z ¼ cÞ are
boundary points; c is a generic constant, which can be
different; gi, i ¼ 1; 2; 3 are known functions obtained from
Eqs. (3) and (10). We keep the coupling between the
pressure and the respective velocity component
through the boundary conditions at each fractional time
step. It allows us to construct an efficient implicit splitting
scheme.
The grid is staggered for u in x-direction, for v in
y-direction, and for w in z-direction. For boundary
conditions involving derivatives this allows one to use
central differences with second order of approximation
on two-point stencils. The number of main grid lines
(which are, in fact, the p-grid lines) in the x-, y- and
z-directions are, respectively, N x, Ny and N z.
The coordinates of the grid points are ðxi ; yj ; zk Þ for
i ¼ 1; . . .; N x ; j ¼ 1; . . .; N y ; k ¼ 1; . . .; N z : The spacings
are given by hpx;i ¼ xiþ1 2 xi ; i ¼ 1; . . .; N x 2 1; hy;p j ¼
yjþ1 2 yj ; j ¼ 1; . . .; N y 2 1; and hpz;k ¼ zkþ1 2 zk ;
k ¼ 1; . . .; N z 2 1: The spacings for the function u in
direction x are defined as follows
hux;1 ¼ hpx;1 ; hux;i ¼

1 p
h þ hpx;i21
2 x;i

for i ¼ 2; . . .; N x 2 1;

and hux;N x ¼ hpx;N x 21 :

ð24Þ



1
vi; j; k ¼ v xi ; yj 2 hpy; j21 ; zk ;
2


1
wi; j; k ¼ w xi ; yj ; zk 2 hpz;k21 :
2

¼ g2 ðx; zÞ;

¼ g3 ðx; yÞ;

and

pi; j; k ¼ pðxi ; yj ; zk Þ;

ðx;y¼c;zÞ

ðx;y;z¼cÞ

¼

hpz;N z 21 :

ð23Þ

hwz;N z

The pressure is sampled at the points labelled by “†”;
function u - at “W”; function v - at “*”, and function w - at
“S”. The following notations are used

ð21Þ

›w
›z

¼

hpy;N y 21 ;

1 p
h þ hpz;k21
2 z;k

for k ¼ 2; . . .; N z 2 1;
DIFFERENCE SCHEME

and

ð22Þ

hvy;N y

ð25Þ

For the second derivatives, standard three point
difference approximations are employed, which inherit
the negative definiteness of the respective differential
operators. For instance, in direction x the approximation
has the form

›2 f
›x 2

<
i; j; k

2
hfx;i
£

þ hfx;i21
f iþ1; j; k 2 f i; j; k
hfx;i

2

f i; j; k 2 f i21; j; k

!

hfx;i21

; ð26Þ

where f stands for one of the functions u, v, w or p.
The first derivatives for pressure at the mesh-point
labelled by “W”, “*”, and “S” are approximated in the
following way:

›p
pi; j; k 2 pi21; j; k
<
;
›x W
hpx;i21
›p
pi; j; k 2 pi; j; k21
<
:
›z S
hpz;k21

›p
pi; j; k 2 pi; j21;k
<
;
›y *
hpy; j21
ð27Þ

On the other hand, the derivatives ›u/›x, ›v/›y, and
›w/›z in 7 · u at each interior mesh-point labelled by “†”

INS USING OPERATOR SPLITTING

and f ¼ u; v, w, or p. Then the equalities hold

are approximated as

›u
uiþ1; j; k 2 ui; j; k
<
;
›x †
hux;i

›v
vi; jþ1;k 2 vi; j; k
<
;
›y †
hvy; j

›w
wi; j; kþ1 2 wi; j; k
<
:
›z †
hwz;k

ðC hy ½u; uÞ ¼ 0;

ðChz ½u; uÞ ¼ 0;

ðC hx ½v; vÞ ¼ 0;

ðC hy ½v; vÞ ¼ 0;

ðC hz ½v; vÞ ¼ 0;

ðC hx ½w; wÞ ¼ 0;

›ðuvÞ
›ðuwÞ
›ðvwÞ
þ2
þ2
›x ›y
›x›z
›y ›z



ð29Þ

¼

X
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i;j;k

C hy ½u

¼

Chz ½u ¼

hux;i þ hux;i21

ð30Þ

;

vni21=2 ; jþ1;k ui; jþ1;k 2 vni21=2 ; j; k ui; j21; k
hpy; j þ hpy; j21

ð31Þ

;

wni21=2 ; j; kþ1 ui ; j; kþ1 2 wni21=2 ; j; k ui; j; k21
hpz ; k þ hpz ; k21

;

ui;j;k

uniþ1;j;k uiþ1;j;k 2uni21;j;k ui21;j;k
2

2

hux;i þhux;i21

Éux;i Épy;j Épz;k

¼

1X
ui;j;k uniþ1;j;k uiþ1;j;k 2uni21;j;k ui21;j;k Épy;j Épz;k
2
2
2 i;j;k

¼

i
1 Xh
uN x ;j;k unN x þ1;j;k uN x þ1;j;k 2u2;j;k un1;j;k u1;j;k Épy;j Épz;k :
2
2
2 j;k

If we assume homogenous boundary conditions
uj ›V ¼ 0; then u1=2; j; k ¼ uN x þ1=2; j; k ¼ 0: It follows
immediately that ðC hx ½u; uÞ ¼ 0:
The rest of the equalities can be proven in a similar way.
The conservative approximations used here alleviate the
problem of artificial viscosity as far as the steady-state
solution is concerned. No terms proportional to the second
derivatives (artificial viscosity/diffusivity) are present for
the approximation of the steady-state case after the time
steps (iterations) converge.

ð32Þ

where
uniþ1=2; j; k ¼ ðuniþ1; j; k þ uni; j; k Þ=2;
uni21=2; j; k ¼
n
n
ðui; j; k þ uiþ1 ; j ; k Þ=2; etc. The differences for nonlinear
terms in the equations for v and w are similar to
Eqs. (30)–(32).
This approximation is conservative in the sense that it is
free of artificial scheme viscosity (diffusion) and hence
the approximation of the nonlinear terms does not affect the
evolution of the total energy of the process. Since the
approximations of the nonlinear terms preserve their skewsymmetric property, the following statement is valid.

Theorem 1 Assume appropriate boundary conditions
(homogenous, periodic, etc.) are imposed and the scalar
product is
X
ða; bÞ def
¼
ai ; j; k bi; j; k É fx;i É fy; j É fz;k ;
ð33Þ
i; j; k

where
f
Þ=2;
É fx;i ¼ ðhx;if þ hx;i21

ðC hz ½w; wÞ ¼ 0:

ðC hx ½u;uÞ

is approximated in a similar way to those in Christov and
Marinova (1998a). The functions u, v and w in the
approximation of the operator F are taken at the “old” time
stage.
For the nonlinear terms we use an approximation with
central differences which is akin to the ones proposed by
Arakawa (1966) for the c 2 v formulation for ideal flows.
A similar idea in primitive variables was elaborated in
Marchuk (1982) with a special reference to the operatorsplitting schemes
uniþ1=2 ; j; k uiþ1; j ; k 2 uni21=2; j; k ui21; j; k

ðC hy ½w; wÞ ¼ 0;

Proof It is sufficient to prove the first equality, namely
ðChx ½u; uÞ ¼ 0: From the definition of C hx ½u; see Eq. (30),
it follows that


1
1 ›2 ðu 2 Þ ›2 ðv 2 Þ ›2 ðw 2 Þ
ð7·C½uÞ ¼
þ
þ
Re
Re ›x 2
›y 2
›z 2
þ2

ðC hx ½u; uÞ ¼ 0;

ð28Þ

The operator

C hx ½u ¼

375

É fy; j ¼ ðh fy; j þ h fy; j21 Þ=2; etc:

ALGORITHM FOR SOLVING THE DISCRETE
PROBLEM
After the discretization for each time step we have
obtained a linear algebraic system. The scheme described
above allows a very efficient treatment of the algebraic
systems. One of the systems for the respective velocity
component is always conjugated to the system for the
pressure set function. For instance, on the first time stage
the x operators are inverted along the line y ¼ yj ; z ¼ zk
when u and p are conjugated. Therefore, three (or two in
the 2D case) linear algebraic systems are solved: two for
the set functions
h
i
nþ1=3
nþ1=3
nþ1=3
v nþ1=3 ¼ column v1; j; k ; . . .; vi; j; k ; . . .; vN x ; j; k
and
h
i
nþ1=3
nþ1=3
nþ1=3
w nþ1=3 ¼ column w1; j; k ; . . .; wi; j; k ; . . .; wN x ; j; k
with tridiagonal matrices (for definiteness, call them
Av and Aw), and another (a conjugated one) – for
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the “composite” difference function
h
nþ1=3 nþ1=3
nþ1=3 nþ1=3
ðupÞnþ1=3 ¼column u1; j; k ; p1; j; k ; . . .; ui; j; k ; pi; j; k ; . . .;
nþ1=3

nþ1=3

pN x ; j; k ; uN x þ1; j; k

i

which turns out to be a pentadiagonal matrix twice the size
of the tridiagonal ones (call it Aup for definiteness). Thus
the following linear algebraic systems are solved for the
selected y ¼ yj ; z ¼ zk :
Aup · ðupÞ

nþ1=3

¼ Rup ;

Av · v

nþ1=3

ð34Þ
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In the same manner, the second and the third half-time
steps require to solve the following algebraic systems
Bvp · ðvpÞnþ2=3 ¼ Svp ;
ð35Þ
Bw ·w nþ2=3 ¼ Sw
and
Du ·u nþ1 ¼ Tu ;

Dv · v nþ1 ¼ Tv ;
ð36Þ

Dwp · ðwpÞnþ1 ¼ Twp :

(i) Set values of the parameters Re, t, Nx, Ny, Nz, and
the initial guess u0i; j; k ; p0i; j; k :
nþ1=3

(ii) Calculate the values ui; j; k ; pi; j; k from Eq. (34)
for the first step considering uni; j; k ; pni; j; k as known.
nþ2=3

nþ2=3

(iii) Calculate the values ui; j; k ; pi; j; k from Eq. (35)
nþ1=3
for the second step using uni; j; k ; pni; j; k and ui; j; k ;
nþ1=3
pi; j; k :
nþ1
(iv) Calculate the values unþ1
i; j; k ; pi; j; k from Eq. (36) for
nþ2=3
nþ2=3
n
n
the third step using ui; j; k ; pi; j; k and ui; j; k ; pi; j; k :
nþ1
nþ1
nþ1
Set the pressure pi; j; k U pi; j; k 2 p^ ; where p^ nþ1
is the average of the pressure.
(v) If the following criterion is satisfied
max{R u ðnÞ; R v ðnÞ; R w ðnÞ; R p ðnÞ} # 1;

where

f

n
maxj f nþ1
i; j; k 2 f i; j; k j

def i; j; k

R ðnÞ ¼

To verify the practical properties of the new scheme, we
conduct different numerical tests. In order to demonstrate
the second-order rate of convergence and no dependence
of the numerical solution on the time increment, a test with
3D analytic solution is done. Next, we present a numerical
solution for the 2D lid-driven flow in cavities with
different aspect ratios. Our purpose is to obtain accurate
stationary solutions for these flows for Reynolds numbers
as high as possible using very fine grids. In the end we treat
the flow after a backward-facing step using a non-uniform
grid. The admissible tolerance is chosen to be 1 # 10210
for the criterion of convergence (37). The initial guess is
taken to be zero unless otherwise specified.
Scheme Validation

The general sequence of the algorithm for solving the
discrete problem is as follows.

nþ1=3

NUMERICAL RESULTS

¼ Rv ;

Aw ·w nþ1=3 ¼ Rw :

Bu ·u nþ2=3 ¼ Su ;

the tridiagonal case is called Thomas algorithm in the
English-language literature or “progonka” in the Russianlanguage literature. Any other solver will do the job too.
The specialized one is somewhat faster for the systems
under consideration whose number of diagonals is rather
small. The algorithm for solving the difference equations is
easy to vectorize – the sequence of one-dimensional
problems (five- and three- diagonal systems) at each
time step can be solved in a parallel manner.

ð37Þ

tmaxj f nþ1
i; j; k j
i; j; k

then the calculation is terminated. Otherwise the
index of iterations is stepped up n :¼ n þ 1 and the
algorithm is returned to step (ii).

Tests with analytic solutions are done in order to
demonstrate that the difference scheme has second-order
rate of convergence if a uniform grid is used and
independence of steady state solution on time step
increment t. The Navier– Stokes equations are solved in
V ¼ {0 # x # 1; 0 # y # 1; 0 # z # 1}
on a uniform grid by using the following solution
pﬃﬃﬃ
0 1 0 pﬃﬃﬃ
1
2expð2 2xÞ cosð y þ zÞ
u
pﬃﬃﬃ
B C B
C
C B expð2 2xÞ sinð y þ zÞ C;
u¼B
@vA¼@
A
pﬃﬃﬃ
expð2 2xÞ sinð y þ zÞ
w
pﬃﬃﬃ
p ¼ 2expð22 2xÞ:

We employ respective boundary conditions only for the
velocity components u, v and w and do not impose any
boundary condition for pressure p.
Since the problem has an analytic solution, we can
calculate the error in the numerical solution directly. The
following maximum and average errors are used as a
measure:
anal:
Errorf ;max: ¼ maxj f num:
i; j; k 2 f i; j; k j ;
i; j; k

Errorf ;aver: ¼

anal:
X j f num:
i; j; k 2 f i; j; k j
i; j; k

We solve the multidiagonal systems by means of a
specialized Gaussian-elimination solver Christov (1994)
employing pivoting which is a generalization of what in

ð38Þ

N xN yN z

ð39Þ
;

where f stands for one of the functions u, v, w or p.
The numerical solutions are obtained by iterating until
the norms R u(n), R v(n), R w(n) and R p(n) became
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Cavity Flow
Consider the well-known lid-driven cavity problem.
Driven cavity flow has usually been a standard case
study for any new scheme for Navier – Stokes equations.
Published results are available for this flow problem from
a numbers of sources – for solutions at high Reynolds
numbers, see Ghia et al. (1982), Kim and Moin (1985) and
Bruneau and Jouron (1990) among many others.
The flow occupies the region V ¼ {0 # x # a; 0 #
y # b}: In our formulation the boundary conditions for the
lid-driven cavity flow read
uðx; 0Þ ¼ uð0; yÞ ¼ uða; yÞ ¼ 0; uðx; bÞ ¼ 1;
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FIGURE 1 Discretization error as a function of the mesh spacing
h ¼ hx ¼ hy ¼ hz :

negligibly small (of order of the round-off error in
double precision). The exact maximum and average
discretization errors for u, v and w are presented in
Figs. 1 and 2 for Re ¼ 10: Fig. 1 shows the error for
different grid spacings hx ¼ hy ¼ hz ¼ h ¼ 1=128; 1/64,
1/32, /16, 1/8 and h 2. It is readily seen that the error of
the numerical solution is of second order. The difference
between numerical and analytic pressure is equal to the
constant. Since in the analytic solution v ¼ w; the exact
errors in the numerical solutions for these velocity
components are practically identical (undistinguished on
the figure).
As has been already mentioned, the solution of the
stabilizing correction scheme does not depend on the time
increment t, see Eq. (19). The difference scheme is tested
for independence on the time increment by calculations
with different values of t in the interval [0.001,1]. The
results presented in Fig. 2 confirm the full approximation
of the scheme (no dependence of the steady-state solution
on the magnitude of time increment t).

FIGURE 2 Discretization error as a function of the time increment t,
h ¼ 1=16:

vðx; 0Þ ¼ vðx; bÞ ¼ vð0; yÞ ¼ vða; yÞ ¼ 0;

›u
›x

¼
ð0;yÞ

›u
›x

¼
ða;yÞ

›v
›y

¼
ðx;0Þ

›v
›y

¼ 0:

ð40Þ

ð41Þ

ðx;bÞ

Flow in a Square Cavity (a 5 b)
By now a consensus has almost been reached that for
the real physical flow a non-steady regime takes place
for Re . 10 000: It was obtained that the numerical
solution of the steady-state Navier –Stokes equations
exists for Re # 11 000: High accurate results were
obtained using uniform grids with spacings 1=h ¼ 256;
1=h ¼ 512; and Richardson extrapolation from these
solutions. For Reynolds numbers greater than 11 000 we
were unable to get convergence with the above fine
uniform grids.
For large Reynolds numbers we observe the onset of
oscillations much in the fashion as reported in Shen
(1991) where a Hopf bifurcation was observed for the
real-time system. As already mentioned in the section
“Evolution System”, the dynamical properties of our
system are of no physical interest and we did not examine
in detail the bifurcation and transition to an unsteady/
unstable regime.
The boundary conditions in Shen (1991) avoid the
problem of discontinuity of the longitudinal component of
velocity in the points where the lid touches the vertical
walls. In this sense the relevance of the results from Shen
(1991) to the classical lid-driven flow should be understood in a qualitative sense. On the other hand in a recent
paper, Shankar and Deshpande (2000), the authors claim
the following: “There is some computational evidence that
the field becomes unsteady around Re ¼ 13 000: If the
flow does become unsteady, what is the nature of this flow,
because it cannot, as a 2-D flow, be turbulent? Are there
steady solutions that cannot be computed because they are
unstable? Although these are natural questions, they are
not of practical relevance, because, as we show below, 2-D
flows are almost fictitious.”
This said, we are aware that the steady solutions for
Re $ 7500 (if we choose to side with Shen (1991)) or
Re $ 13 000 (if we adopt the assessment from Shankar
and Deshpande (2000)) might never be encountered in

378

R.S. MARINOVA et al.

Downloaded by [Christo Christov] at 20:15 13 October 2011

FIGURE 3 The rate of convergence with the number of iteration of the residuals R u, R v, R p in L1 norm as well as the divergence 7·u for h ¼ 1=512:
Left panel: Re ¼ 1000: Right panel: Re ¼ 10 000:

a physical flow with a standard level of external
perturbations. Yet the steady patterns obtained here are
valid solutions of the steady-state Navier – Stokes
equations and it is of interest to have them on record as
a signature of the flow itself.
Figure 3 shows the convergence of the iterations for two
different Reynolds numbers. The uniform norms of the
residuals of the equations for u, v and p, as well as of 7·u;
are plotted versus the number of iterations. Clearly, all of
these residuals approach zero exponentially.
The accurate calculation of the magnitudes and locations of the centers of the primary, secondary and tertiary
vortices is one of the hardest tests. The calculated location
of the center of the primary vortex as a function of the
Reynolds number is shown in Fig. 4 and compared to
some of the literature sources. It is clearly seen that our

curve is self-consistent and monotone while the literature
data are more scattered. An interesting observation is that
the scheme of Schreiber and Keller (1983), which is off up
to 30% for the amplitude of the stream function, gives
relatively good predictions for the centers. This means that
our scheme not only lacks artificial viscosity but also has
very low phase error. When it comes to these fine-structure
characteristics even the overall accurate results of many of
the literature works are subject to these difficulties
stemming from the artificial dispersion.
It should be mentioned here that the last property is not
obvious and cannot be proven strictly for a nonlinear
scheme. On the other hand, the artificial scheme
dispersion can be very detrimental for the speed of
convergence of the method and can also create spatial
wriggles in the steady-state solution.

FIGURE 4 Effect of Re on the location of vortex centers: — þ — present results; K Ghia et al. (1982) for Re ¼ 1000; 3200, 5000, 7500, 10 000;
A Schreiber and Keller (1983) for Re ¼ 1000; 4000, 10 000; £ Liao and Zhu (1996). Primary vortex.
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FIGURE 5 Effect of Re on the location of vortex centers: — þ — present results; K Ghia et al. (1982) for Re ¼ 1000; 3200, 5000, 7500, 10 000;
A Schreiber and Keller (1983) for Re ¼ 1000; 4000, 10 000; £ Liao and Zhu (1996). Bottom-right secondary vortex.

The scenario of appearance of the secondary and the
tertiary vortices is qualitatively well established in the
literature. The vortex in the bottom right corner first
appears for Re < 100: The bottom left corner is occupied
by another secondary vortex for Re < 400 and it remains
less intensive than the bottom right vortex for all Reynolds
numbers. With the increase of Re the center of the primary
vortex shifts towards the geometric center of the cavity.
This kind of behavior is connected with the development
of an inviscid core of the flow and boundary layers near
the walls. As shown in Fig. 5, the position of the bottom
right vortex is also a function of the Reynolds number. Its
center shifts to the central vertical cross-section with the
increase of Re.
Table I summarizes the data concerning the location and
strengths of the primary vortex and the most significant
secondary vortex in the bottom right corner. The thorough
comparison for the different flow characteristics as
obtained in different works from the literature can be
found in a previous authors’ work (Christov and Marinova
(2001)). Here, we concentrate on the issue of the

equivalence between the formulation involving the
Poisson equation for pressure (1), (8) and the original
formulation of the incompressible Navier – Stokes
Eqs. (1), (2).
It is seen in Fig. 6 that the divergence 7 · u is of order of
10211 in the whole region. This is true even near the corner
points of velocity discontinuity where the lid touches the
vertical walls, the divergence is very small. In the light of
the estimates from Kangro and Nicolaides (1999), the
present result means that the uniform grid (even though
very dense) has a smoothing effect upon the discontinuity
of the velocity components and the divergence as well.
The apparent equivalence of the difference approximations of the two formulations is due to the fact that
when a discontinuity is present in a corner point of the
boundary it presents usually a lesser singularity than in a
regular point of the smooth part of the boundary. It means
that the derivatives of the sought functions are power
functions of the distance from the corner with a
weaker singularity. Naturally the uniform grid smoothes
these singularities in the immediate points adjacent to

TABLE I Coordinates of the extrema of the stream function, square cavity
Primary vortex
Re
1000
3200
5000
10 000
11 000

Right-bottom vortex

1/h

cmin

(xmin, ymin)

cmax

(xmax, ymax)

512
R 256
512
R 256
512
R 256
512
R 256
512

20.116269
20.116915
20.116410
20.119257
20.116120
20.118047
20.113848
20.116470
20.113394

(0.5316, 0.5660)
(0.5313, 0.5664)
(0.5187, 0.5408)
(0.5195, 0.5391)
(0.5160, 0.5357)
(0.5156, 0.5352)
(0.5129, 0.5303)
(0.5125, 0.5302)
(0.5126, 0.5298)

0.001640
0.001666
0.002676
0.002726
0.002890
0.002940
0.003010
0.003050
0.002977

(0.8651, 0.1118)
(0.8672, 0.1133)
(0.8262, 0.0847)
(0.8281, 0.0859)
(0.8077, 0.0736)
(0.8086, 0.0742)
(0.7812, 0.0605)
(0.7787, 0.0602)
(0.7754, 0.0583)

R – Richardson extrapolation from solutions 256 £ 512 and 512 £ 1024:
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FIGURE 6 The pointwise distribution of 7·u for h ¼ 1=512: Left panel: Re ¼ 1000; t ¼ 0:09: Right panel: Re ¼ 10 000; t ¼ 0:05:

the boundary points. Some preliminary experiments with
nonuniform grids suggest that a singularity in 7· u can be
expected to develop (as pointed out in Kangro and
Nicolaides (1999)) if the nonuniform mesh changes very
rapidly near the corner points. However, it takes a special
investigation which will be done elsewhere.
Flow in a Deep Cavity (Aspect Ratio 2)
The flow regime is more complex for deeper cavities.
Alongside the Reynolds number Re, the aspect ratio A ¼
b=a enters as a second bifurcation parameter. We consider
a rectangular cavity with aspect ratio A ¼ 2: In Goodrich
et al. (1990) periodic solutions are found for Re ¼ 5000:
Steady solutions are obtained in Bruneau and Jouron
(1990) and Goyon (1996). The comparisons provided in
Bruneau and Jouron (1990) for the problems in the square
driven cavity and in a rectangular one of aspect ratio 2
shows that the first signs of instability, occurring in the
square cavity for Re . 5000; can appear as early as for
Re ¼ 1000 in the rectangular one. Clearly, the latter flow
is more unstable than the former. Our aim is to show that
the iterative scheme is able to determine steady-state
solutions for high Reynolds numbers. Once again, we are
to point out that one should not compare the temporal
dynamics of real-time schemes of the type of Bruneau and
Jouron (1990) to the dynamics of a fictitious-time
(iterative) scheme of the type presented here. The iterative
scheme can converge for Reynolds numbers much larger
than the physically admissible values. The results for high
Re are presented here not as a novel physical result about
the onset of instability, but rather for the sake of
understanding the numerical aspects of the algorithm.
We use uniform grids with spacings h ¼ hx ¼ hy ¼
1=64; 1/128, 1/256, 1/512. The rate of approaching the
steady solution depends on the time step increment t.
The optimal value of t is found from the numerical
experiments to be t ¼ 0:09:
We conducted numerical calculations for this problem
up to Re ¼ 6000 and have obtained steady solutions with

all grids starting from zero initial guess. Since we employ
primitive variables the most natural characteristics to
present are the velocity components. The numerical
results with different uniform grids with Re ¼ 1000 are
in close agreement. The results clearly demonstrate that
22
the discretization error is of OðN 22
x þ N y Þ:
The streamlines obtained using Richardson extrapolation from the solutions on uniform grids with h ¼
1=256 and h ¼ 1=512 for Re ¼ 1000; 3200 and 6000, are
presented in Fig. 7. There is a significant difference
between our results and the results in Bruneau and Jouron
(1990) in the lower part of the cavity. It is probably due to
the presence of instabilities during iterations in Bruneau
and Jouron (1990). The lower right and left second
vortices are more intensive in our work compared with
Goyon (1996).
The data concerning the location and strengths of the
top primary vortex and the bottom primary vortex are
presented in Table II. Our results for Re ¼ 1000 are
compared with Bruneau and Jouron (1990) and Goyon
(1996) (256 £ 512 grid cells). There is good agreement
between our results and Bruneau and Jouron (1990) for
cmin, while for cmax the computational results in
Goyon (1996) are close to ours – the difference is less
about 1%. Whereas, the difference with Bruneau and
Jouron (1990) for the value of cmax is greater than 10%.
For Reynolds number Re . 1000 we were unable to find
in the literature steady-state solution data for comparisons.
Therefore, we present only our results obtained with
h ¼ 1=256; 1/512 and the Richardson extrapolation from
these solutions.
Flow Over a Backward-facing Step in a Channel
Consider the flow over a backward-facing step, which is
another well-studied test case. Figure 8 shows the geometry
of the flow and the defined flow parameters. Experimental
results for this flow are presented in Armaly et al. (1983) and
numerical results can be found in a number of papers
(Gartling, 1990; Gresho et al., 1993; Barton, 1997;
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FIGURE 7 Streamlines for different Reynolds numbers. Contour values: —— starting from zero with increment 20.01; - - - starting from þ0.001 with
increment þ0.003; – · – starting from 20.00002 with increment 20.00004; · · · starting from þ 0.0001, with increment þ 0.0001.

Keskar and Lyn, 1999). The Reynolds number Re ¼ U H=n
is based on the mean inflow velocity U, the channel height H,
and the viscosity n. The experimental results of Armaly et al.
(1983) indicate that the three-dimensional effects appear for
Re . 400 and the measurements and theoretical prediction
begin to deviate from each other after that Reynolds number.
The fact that the solution of the incompressible Navier–
Stokes equations over a backward-facing step at Re ¼ 800 is
steady and stable has been confirmed in a number of recent
works, see, for example, Gartling (1990), Gresho et al.
(1993), Barton (1997) and Keskar and Lyn (1999), where
accurate steady-state numerical solutions have been
obtained up to Re ¼ 800:

between the height of the step h and the height of the
channel H is taken to be h : H ¼ 1 : 2:
We chose a non-uniform grid. Three different grid sizes
are used in the computations. The numbers of cells for the
coarsest grid (Grid 1) are N x ¼ 256 and N y ¼ 64;
respectively. The grid is dense near the walls, while in
direction x near the outlet boundary the grid is much
coarser. In the interval [0,xc], where xc is such that xc .
xTR ; a fine regular grid is employed with a number of grid
cells Nc. Because in the interval [xc, xL] the flow is almost
uniform, less numbers of grid cells are used which are
distributed as follows

xi ¼ xL 2 ðxL 2 xc Þ

Definition of Problem Parameters
We impose non-slip boundary conditions on the walls of
the channel. At the inflow boundary (x ¼ 0; h # y # H) a
parabolic profile u ¼ 6UðH 2 yÞð y 2 hÞ=ðH 2 hÞ2 ; v ¼ 0
is prescribed. The outflow velocity profile is also taken to
be parabolic u ¼ 6UðH 2 yÞy=H 2 ; v ¼ 0: The ratio

where ji ¼ 1 2

tanhð f x ji Þ
;
tanhð f Þ

i 2 Nc 2 1
;
Ny 2 Nc 2 1

i ¼ 2N c þ 1; . . .; N y :

TABLE II Positions of the stream function extrema for the cavity with aspect ratio 2
Primary top vortex
Re
1000

3200
6000

Primary bottom vortex

Ref. data

1/h

cmin

(xmin, ymin)

cmax

(xmax, ymax)

Bruneau and Jouron (1990)
Goyon (1996)
Present work
Present work
Present work
Present work
Present work
Present work
Present work
Present work
Present work

256
256
256
512
R256
256
512
R256
256
512
R256

20.1169
20.1187
20.114547
20.117095
20.117945
20.113984
20.118552
20.120075
20.111564
20.117709
20.119759

(0.5273, 1.5625)
(0.5313, 1.5781)
(0.5309, 1.5791)
(0.5302, 1.5794)
(0.5299, 1.5795)
(0.5183, 1.5625)
(0.5177, 1.5643)
(0.5175, 1.5648)
(0.5154, 1.5605)
(0.5148, 1.5636)
(0.5147, 1.5645)

0.0148
0.0132
0.012763
0.013119
0.013330
0.017716
0.018580
0.018869
0.019809
0.021013
0.021418

(0.3516, 0.7891)
(0.3359, 0.8476)
(0.3423, 0.8373)
(0.3423, 0.8378)
(0.3424, 0.8379)
(0.4489, 0.6829)
(0.4505, 0.6857)
(0.4510, 0.6866)
(0.4687, 0.6493)
(0.4692, 0.6584)
(0.4694, 0.6612)

R – Richardson extrapolation from solutions 256 £ 512 and 512 £ 1024.
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FIGURE 8 Geometry of the flow over a backward-facing step in a channel ðh : H ¼ 1 : 2Þ:

In direction y the mesh is defined in a similar fashion,
namely



tanh½ji 2 hÞf y 
yj ¼ h 1 þ
;
tanhðhf Þ

jj ¼

ð j 2 1ÞH
;
Ny 2 1

where h ¼

H
;
2

j ¼ 1; . . .; N y :

Here we select f x ¼ 2:28 and f y ¼ 4; respectively.
The finer grid (Grid 2) is constructed on the base of the
coarse Grid 1 by adding a middle point between two grid
points. The finest grid (Grid 3) is constructed on the base
of Grid 2. Finally, using the obtained solutions on the last
two grids, Richardson extrapolation is performed to
increase the accuracy of the solutions to fourth order.
We mention here that on a non-uniform grid the second
order of the approximations of the derivatives is locally
proportional to the larger spacing. More specifically the
order is Oðhi 2 hiþ1 Þ which is second order with respect to
the larger spacing provided that the grid depends smoothly
enough on the spatial variables. For this reason after
applying Richardson extrapolation, we get in practice an
overall approximation which is slightly worse than fourth
order.

Stability and Accuracy
Our tests have shown that for Re # 1250 it is safe to take
xL < 100h: However, for Re $ 1275 a “longer” channel
has to be used (for example xL ¼ 140h), because of
the appearance of instabilities in the numerical solution on
our coarsest grid for some value of Reynolds number in
the interval (1250,1275).
On the finer grids, the numerical scheme is stable for
Re ¼ 1550 on all grids and xL ¼ 140h despite the long
oscillation on Grid 1 in the beginning of the iterative
process. Convergence is reached for arbitrary initial
conditions, but it is much faster if the converged solution
for a neighboring Reynolds number is used as initial
condition. Some of our computations are performed using
as initial condition the solution for the previous smaller Re.
To test the accuracy of the scheme for this problem we
compare our numerical results for Re ¼ 800 on different
grids with accurate benchmarks from the literature (Gartling,
1990; Gresho et al., 1993; Barton, 1997; Keskar and Lyn,
1999). The most representative characteristics of the flow
over a backward-facing step are the reattachment lengths lB
and lT because of their dependence on the Reynolds number.
In Table III the values of reattachment lengths lB, lT, and the
values of upper eddy start, xTL and upper eddy end, xTR are
presented.

TABLE III Comparison of present results (Richardson extrapolation from the solutions with Grid 2 and Grid 3) on characteristic flow parameters with
results from the literature for Re ¼ 800
Work
Barton (1997)
Gartling (1990)
Gresho et al. (1993) FD
Gresho et al. (1993) SE
Keskar and Lyn (1999)
Present

lB

lT

xTL

xTR

cmin

cmax

Nodes

6.015
6.10
6.082
6.10
6.0964
6.0909

5.66
5.63
5.6260
5.63
5.6251
5.6505

4.82
4.85
4.8388
4.86
4.8534
4.8214

10.48
10.48
10.4648
10.49
10.4785
10.4719

20.0342
20.034195
20.0342
20.03420
20.03421

0.5064
0.50661
0.5065
0.50653
0.50653

129681
245760
$8000
3737
Extr.
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FIGURE 9 Streamlines for different Re (expansion ratio 1:3). Contour values are: 20.035, 20.030, 20.025, 20.020, 20.015, 20.010, 20.005, 0.0,
0.05, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40, 0.45, 0.50, 0.502, 0.504, 0.506, 0.508, 0.510, 0.512.

Flow Characteristics
We have calculated stationary solutions for this flow
for values of Reynolds number in the interval Re [
½10; 1550: All computations are performed with
t ¼ 0:1: Figure 9 shows the streamline plots for
Reynolds numbers 400, 600, 800, 1000, 1200, 1400 and
1550. At Re ¼ 400 the secondary eddy is weak but
clearly visible on the upper wall of the channel, see
also Thompson and Ferziger (1989). For higher
Reynolds numbers the secondary eddy is longer and
stronger.
The most representative characteristics of the flow
as a function of the Reynolds number are shown in
Fig. 10 and Table IV. Our results for the length lB
are similar to those in Kim and Moin (1985) for
Reynolds numbers up to 800. Both our results and those
of Armaly et al. (1983) and Kim and Moin (1985)
deviate from the experimental values of Armaly et al.
(1983). According to Armaly et al. (1983) and Kim and
Moin (1985) the differences between the experimental

and computational results are not a result of numerical
errors. The difference is due to the three-dimensionality
of the experimental flow at Re ¼ 800: In our calculations (up to Re ¼ 1550) we observe that the
appearance of the upper eddy (for the value of
Re o 400) slows down the growth of the bottom eddy,
see Fig. 10(a). For Reynolds number Re $ 600 the
dependence of the reattachment length lB on Re is
almost linear with a smaller slope than that for Re #
400: The upper eddy lT grows faster than lB. For a
certain value of Re o 900 the length lT becomes longer
than the length of the bottom eddy lB. Figure 10(b)
shows the dependence of the width of the secondary
eddy wT on the Reynolds number.

CONCLUSION
The main advantages of the new splitting scheme can
be summarized as follows: it is applicable for
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FIGURE 10 Variation in different flow characteristics with Reynolds number: (a) reattachment and separation lengths (* – lB; S – lT; K – xTL; L –
xTR); (b) width wT of the upper eddy.

solving three-dimensional steady incompressible flows.
The scheme possesses second-order accuracy (no
artificial viscosity) and the approximation of nonlinear
terms is conservative on Cartesian grids. The coordinate
splitting reduces the computational time per time
step/iteration in orders of magnitude in comparison
with the implicit schemes employing inversion of the
non-split operators. Therefore the algorithm proposed
here is very efficient for solving large-scale problems.
The method exhibits a strong stability for solving
steady flows at large Reynolds numbers using fine grid
spacings. Accurate stationary solutions are obtained for

the problems under consideration for a range of
Reynolds numbers which significantly exceeds the
literature.
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TABLE IV Characteristic flow parameters for different values of Re: Rel – results with long channel xL ¼ 140 h; cmin, cmax, (xbv, ybv), and (xtv, ytv) are
the minimum and maximum and its locations of stream function
Re

lB

lT

xTL

xTR

wT

cmin(xbv, ybv)

cmax(xtv, ytv)

400

4.3223

1.2286

3.9732

5.2018

0.0340

600

5.3703

3.7816

4.3304

8.1119

0.1930

800

6.0909

5.6505

4.8214

10.4719

0.2796

1000

6.7182

7.3126

5.3125

12.6264

0.3258

1200

7.2940

8.8830

5.7589

14.6420

0.3536

1400

7.8303

10.2386

6.2500

16.4886

0.3726

1400l

7.8284

10.2348

6.2530

16.4878

0.3726

1500l

8.2089

11.1191

6.5625

17.6816

0.3829

20.034023
(1.7999, 0.2992)
20.034185
(2.6083, 0.2978)
20.034210
(3.4000, 0.2955)
20.034201
(4.1794, 0.2916)
20.034204
(4.9622, 0.2847)
20.034259
(5.6831, 0.2769)
20.034259
(5.6831, 0.2769)
20.035159
(6.8431, 0.2116)

0.500014
(4.6116, 0.9774)
0.502321
(6.2166, 0.8715)
0.506533
(7.4507, 0.8154)
0.509717
(8.5465, 0.7888)
0.511906
(9.5968, 0.7746)
0.513481
(10.6393, 0.7661)
0.513481
(10.6392, 0.7661)
0.514405
(11.4290, 0.7616)
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