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Abstract

We develop a Fourier—Galerkin spectral technique for computing the solutions of type of interacting localized
waves. To this end, a special complete orthonormal system of functidrf§-#po, oo) is used and a time-stepping
algorithm implementing the spectral method is developed. The rate of convergence of the coefficients is shown
to be exponential. We consider the regularized long wave equation (RLWE) which is not fully integrable. We
demonstrate the stability of the algorithm and find numerically the threshold for the existence of such interactions.
We also calculate the phase shifts of the interactions and compare them to the finite-difference solution.
© 2005 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Inrecentyears, a number of physical problems have led to boundary value problems in infinite domains.
These are the cases when no boundary conditions are specified at given points, but rather the square of the
solution (or some other energy norm) is required to be integrable over an infinite domain. Such solutions
are said to belong to the?(—oo, oo) space. A typical example is furnished by the problem for solitary
wave (soliton) solutions of different nonlinear evolution equations or generalized wave equations. There
are many difficulties on the way of application of difference and/or finite-element numerical methods to
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the problems in.?(—oo, oo) especially when some more subtle characteristics are sought. Sometimes,
the finite-domain problem has a solution only for some denumerable set of intervals of specific length.
It can even happen that each of the finite-domain approximations has only a trivial solution, while the
original problem possesses a nontrivial one, or vice versa.

This difficulty can be surmounted if instead of a difference method a spectral method is used with
basis system that consists of localized functions. Such expansion will automatically acknowledge the
requirement that the solution belongdi®(—oo, 0o) space. Here, we make use of a complete orthonormal
(CON) system of functions proposed[#]. These functions are orthogonal without weight and for them
expressions are available relating the product of two members of the system into series with respect to the
system. This property is crucial because it allows one to use a Galerkin type expansion, the latter being
much simpler and faster in implementation than the pseudo-spectral algorithms.

2. The physical problem
2.1. Posing the problem

John Scott Russell was first to observe the solitary (“permanent”, “great”) wave. Boussinesq provided
a theory where the effect of the higher-order linear dispersion was incorporated and shown to balance the
nonlinear steepening of the wave. However, the equation he derived turned out to be improper, incorrect
in the sense of Hadamard. A way to overcome this incorrectness as is shidrisrio approximate the
second spatial derivative with a second time derivatf}?;e;«e 5’722 This idea is known as regularized long
wave equation (RLWE), namely

e = W — au? + Puy), P>0 (herea =B =1). (2.1)

Similarly to the way Boussinesq found the “sech” type solution of his equation, one can find that RLWE
possesses an analytical “sech” solution, namely

3 X —ct
U= —5(62 — 1)sech ( 5 2 — 1> . (2.2)

As we can see fror2.2) that the soliton exists far > 1 (supercritical phase speeds).

Before proceeding further, we mention that re-scaling the spatial vasaaes not change the nature
of the asymptotic boundary value problemZiA(—oo, oo). Upon introducing; = ¢x, we recas{2.1)to
the following

uy = c2(u — u® — c%uy),, withab.c. u(t,z) >0, for z— +oo. (2.3)

The scaling parametercan be used to optimize the method in the sense that its introduction allows one
to bring the typical length scales of the employed system of functions closer to the support of the sought
localized solution. Naturally, such a coordination between the scales will result in a faster convergence
of the Fourier—Galerkin series.
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2.2. Hamiltonian formulation

The Hamiltonian form of the Boussinesq model was shown in many different work$1&,§]. See
also, the special discussion]is .

So we are looking for a solitary wave solution (@£ 1) which approaches zero atoo and hence all
its derivatives decay automatically to zero. We introduce an auxiliary fungtaord show thaf2.3)is a
corollary of the following system

U = gz%z’ (2.4)
qr =u — u? — Puy. (2.5)
Here, the auxiliary function is also a localized function but it can assume nonzero values at infinities.
It has the shape of a hydraulic jump ¢ank). Then, the asymptotic boundary conditions for the system
(2.4) and (2.5have the form

u,g. — 0 for x - —o0, 0c0.

Define the wave madsl, the wave momentumpéeudomomentyni, and the energ¥ of the wave
system as

oo 00 001
M:/_Ooudx, P=/Oou(qx—,3qxxx)dx, E=/_m§[u2+q§+u3+ﬂu3]dx,

(2.6)
then we show afte9] that the following conservation/balance laws hold

dM_ dE_ dP_l 5 5 o _
E =0, E—Ov dr 2(qx_:8qxx) =F

—00

whereF is called sometimes “pseudo-force”.

The conservation laws require that the mass and the energy remain constant during the evolution of
the solution. For the case of asymptotic boundary conditions, the balance |&®vskcures that the
pseudomomentum remains constant as well.

An important requirement for a numerical scheme is that alongside with its good local approximation
it can also secure the integral limitation such as the conservation of mass, energy and wave momentum.

One of the authors developed a variety of finite-difference schemes implementing the energy-
conservation laws. A peculiar property of the initial boundary value problem for RLWE is that it is
impossible to devise a finite-difference scheme that preserves the maf8]sdthough the energy is
conserved. The cause for this is the truncation of the infinite interval and the fact that now there is only
one boundary condition at each end of the interval. The latter contradicts the nature of the asymptotic
conditions. The way to surmount this difficulty is to devise a scheme and algorithm which do not require
truncation of the interval. This means that one has to use a spectral series with respect to a system of
functions which automatically satisfy the asymptotic b.c.
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3. The Fourier—Galerkin method in L?(—o0, 00)

From the known spectral techniques, we choose the Galerkin method because it has the advantage ¢
simplicity in implementation in comparison with the spectral collocation method or tau-method (see the
arguments if2]). Moreover, the last two technigues exhibit the same difficulties for the asymptotic b.c.
as the difference schemes do.

The only problem is that the Galerkin technique requires explicit formulas expressing the products of
members of the CON system into series with respect to the system. This is the reason to choose a systel
of functions for which the product of two members of the system can be expanded into a series with
respect to the system. A system with the desired property has been proposed as early as 41982 in
and since then applied to Boussinesq equation and some other nonlinear wave probldifs,&ee
The applications were limited to stationary in the moving frame waves. The time dependence is taken
into account i8], where the interacting solitary waves of Boussinesq equation are treated. In order not
to abuse the space, we will outline here only the RLWE case and rely on derivation§fréon the
double-soliton case and on the earlier works for the single-soliton case.

3.1. The complete orthonormal (CON) system

The system
1 (ix—1y
P =" Jaix+ 1yt
was introduced by Wiener (sE2]) as Fourier transform of the Laguerre functions (functions of parabolic
cylinder). Higgind10] defined it also for negative indicasind proved its completeness and orthogonality.
The significance of3.1)for nonlinear problems was demonstratef#) where the product formula was

derived and the two real-valued subsequences of odd fundjcarsd even functions€,, were introduced,
namely

n=012 ..., i=+-1 (3.1)

PP = Pn+k — Pn—k _ On+ p-n-1 C. = Pn — P—n-1

k - 7’ - 7’ - - = -
" Ne iv?2 ! V2
Making use of(3.2), one easily shows that the product of members of the real-valued sequences, e.g.
C,Cy, is expanded in series with respect to the system as followg4bee

Sy (3.2)

1 00
C,C,=———|C, —Chpk — Chk + Ci—1] = ke,m Cm s 33
k 2@[ k1 +k k k—1] mz=:1ﬁ k. (3.3)
1 o0
SnSk = ﬁ[anrkJrl - Cn+k + Cnfk - Cnfkfl] = ’;ank,mcma (34)
1 00
S, Cr = §,C, = ——[-S, + Suak + Sp—k — Sn_k_a] = de.m Sy s 3.5
k k 2@[ +k+1 +k k k1] mZZ:lV k, (3.5)

1
oy m:78mn +8mn— _(Smn —S nn_k_058m n—k|—0.5]f>
i, 2@{ ekt F S k| itk — SgN| | 18 [1n—k1-0.51}
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1
nk,m — 8mn +8mn— _(Smn -3 nn_k—o-58m n—k|—0. )
Bk, 2«/2{ n+k In—k| k1 — SgN| | 18m.[in—k1-05]}
Vnk,m = 2@{8m,n+k +SgNG — k)8 jn—k| — Smn+tkt+1 — SYNQ — K)oy jn—k|-1}-

Before proceeding further we discuss the way to increase the computational effectiveness of the product
formulas. Consider an even and an odd function fromithe-oco, co) space, say

U(x) = Z u,C, and V(x)= Z Uy Sim -
n=0 m=0

Then, forU? we have the following.

Theorem 1. For the nonlinear ternU?(x), the following expansion holds

=33 31) 3> @ 2y
U (X) = Mn”mcncm = [ ,Bnm, unum‘| C=—== b, C s (36)
n=0m=0 1=0 Ln=0m=0 l ' 2v2n 1=0 .
where
-1 1 N N
bl = Z UpUj—1—p — Z UpUj—p — 22 Uplp_| + 2 Z UpUp—]—1. (37)
n=0 n=0 n=I n=Il+1

Proof. The detailed proof can be found [i8]. Here, we note that to calculate the right-hand side for a
specific index, requires a number ofM? operations (multiplication). Now, we can count the needed
number of arithmetic operations (multiplications) for a given nbitethe new formulg3.7) as

Ne=I1+(+1)+2(N—-I+1)+2(N—1), 2N—1<N,<4N—1<4N. (3.8)

This estimate i® times lower than for the original formu(&.5). In fact, through the rearranging of the
terms according to the above theorem, one avoids the multiplications of terms which are anyway equal
to zero. Thus, many parasitic multiplications are avoided. As a result, on top of the natural efficiency of
the spectral method (connected with the small number of terms), one has also a significant acceleration
of the calculations according to formula.8).

For the second derivative of the basis functions, one hag4$ee

00 )
C]/q/ = Z Xm,ncmv S,/q/ = Z Xm,nSma (39)
m=0 m=0
where
Xmn = _%n(n - 1)5m‘n—2 + n28m,n—l

3+ 1)+ 28 pi2 — 202+ 20+ 1P + (0 + 180 + (0 + 1280041,

Here, x is a diagonal matrix (pentadiagonal, more specifically), which can be inverted folnQx)
operations. This gives another edge in the computational efficiency of the developed here technique.
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The result of the above theorem can be generalized to the case of cubic nonlinearity through repeatec
application 0f3.6), (3.7). The respective formula, however, contains 16 different sums while the quadratic
nonlinearity needs only four sums (s&e7)). O

3.2. Exponential convergence

The most important issue for a spectral method is its rate of convergence which here can be shown
through the following relationship between the Fourier periodic functions and our system, namely

cosg + 1)0 + cosné L.15IN@ + 1)0 + sinnd
) Sﬂ(x) = (_l) +l )
V2 V2

wherex = tan% orf = 2 arctarx is a transformation of the independent variable. Note that any function
f(x) is a periodic function of with period 2.
Now any localized function of (x) can be expanded into a series with respe oS,

Cn(x) = (1) (3.10)

F0) = anCale) + b Sy,

n=0

which in its turn can be rewritten as a Fourier series for the periodic function

)anin(n +1)0 + sinné
ﬁ 9

which are known to have exponential convergence. From this fact, one infers the exponential convergence
of theC,, S, series.

9) > cos@ + 1)0 + cosnf (3.11)

f(tanz :gan(_l)n ﬁ +bn(_1

4. Algorithm and verification

When the initial condition is known from a two-soliton analytical solution, it is only a matter of
expanding it into the same spectral series. This case is rather exceptional and has no practical meaning
since there seldom can be found reason to continue an analytical solution numerically after certain momen
of time. The only information we have is the one-hump solution. Each one of the humps can be obtained
analytically, or once again by means of the present spectral series (see the authors’ papers cited earlier
Hence, the initial condition in this paper is the superposition of two “sech” solutions which are situated
far enough from each other in order to neglect their intersection in the initial moment.

4.1. The initial condition

The boundary conditions on the auxiliary functigdo not require that it decays to zeradato. Then,
it cannot be expanded into series with respect to a CON system of functions whose members vanish a
infinities unless we sacrifice the exponential convergence. We use a fungfjomhich “absorbs” the
undesired behavior af(z, ), namelyp(z, t) = q(z, t) + r(z). Thus, we replaced the auxiliary functign
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with the functionp from L?(—o0, oo] for which

) = — [3;021\/1—7&+ ?;22\/1—7%} tanhg).

Here,c1 andc; are the phase speeds of the two initial solitons. The left soliton is stationary in the frame
moving to the right£ — cit, ¢c1 > 0), while the right soliton is stationary in the frame moving to the left
(x — cat, c2 < 0).
Note that the introduction of the new functipiz, 1) does not alter the equati¢®.3)because(z) does
not depend on In terms of the new auxiliary function, the systé¥) and (2.5)ecasts to the following

Ur = é‘zpzz + {Zrzzv (41)
Pr=u— u? — {zutt- (4.2)

4.2. The time-stepping algorithm

To solve the systerd.1), we choose the fully implicit time-stepping scheme
i+l

I
—Uu
— =P+ (4.3)

pz+(1/2) _ pl—(1/2) B ultl 4 yl-1
T B 2
We expand the sought solutionp into series with respect to the subsequen@geands, namely

2
— P = ST Y, (4.4

u'(2) =Y d,Cu(2) + b, S(2), pHYAE) =Y a2, (2) + €1 H2)8,(2). (4.5)
n=0 m=0

Now, we insert the spectral expansi@mb)into Eq.(4.3) and (4.4and if we make use of the orthogonality
of the system of our functions, the system for the odd functions (for the even functions we consider a
similar system but without the functiotfz)) coefficients reads

biij_l B bin 2 = 1+(1/2) 2 -
= ; Zbk Xm,k+§ Zrka,k,
T =0 k=0
H(1/2) _ J-(1/2)  pi+l 4 pi-1 2 oo
e e +b ¢ _
L e LY 4o
T 2 2 k=0
o0 o0
- Z Z(agqbgczy/qkz,m + bilaiz)/klkz,m),
k1=0k,=0

wherey is given in(3.5) andr, are the coefficients of the spectral expansion of functignin the
numerical calculations, a truncated version of the above system is used in which the infinity is replaced
by N.

The initial conditions{a®}, {6°} and {al}, {1} for the Fourier coefficients are calculated for 0
and: = t by means of numerical quadrature of the analytic solution formulas after multipli€y by
S,. In its turn, the initial conditions for the coefficientg/2}, {1/} of p are computed via numerical
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guadrature of its analytic expression after multiplied®yor S,,. Note that the initial conditions have to
be calculated every time when the valuaf the scaling parameter is changed. Having specified the initial
conditions, we can begin the time stepping. Let us assume that the vafiapfgs (b/-1}, {d.}, {b!},
{d!=3/2)} | {l=(1/2)} are known. Then, our systems for the coefficients give two coupled nine-diagonal
algebraic systems fdp'1}, {e¥(/2} and for{a/+1}, {dl+(1/2)}, respectively.

After these systems are solved, one time step is completed, the timd iisdeset, and the process is
repeated.

4.3. Numerical experiments

The importance of scaling parametas understood by computing the solution for different values of
Naturally, the optimal is different for different initial configurations of the system of solitons. When
the solitons are situated far from each other, one is faced with a system which is not tightly localized.
Then, the optimal value dfis smaller. Conversely, if the initial configuration is tight enough, the value
of ¢ which brings the scales of the sought function and the CON system in a closest rapport, tends to
be smaller. In the present work, we consider initial configurations of solitons that are well separated (in
order not to overlap significantly), but not excessively far from each other (not to loose the localization).
After extensive numerical experiments, we found for these cases that the optimal value of the scaling
parameter is close = 0.06, for which the convergence was faster and more accurate.

As far as the time increment is concerned, we found that the calculations are perfectly stalde for
large as (L even forc = 1.64, the latter being on the border of existence of the soliton solution for RLWE
equation.

As already mentioned earlier, the rate of convergence of the Galerkin series is exponential and our
calculations comply with this analytical result. Fig. 1, we present the Galerkin coefficients from two
different systems of solitons. IRig. 1a, we consider the interaction of two solitons with phase speeds
c1 = —1.2 andc, = 1.5. As we can see the convergence remains exponential after 300 time steps even
though we used a rather large time increment 0.1. In Fig. 1b, we present the coefficients when
lc1] = ¢2 = 1.05 for the initial moment and after 1400 time steps. Although we are very close to the
trivial solution (wherr = 1) and the number of time steps is large, the exponential convergence is always
present.

As mentioned in the end of Secti@nthe proposed Galerkin method is supposed to conserve the mass
of the wave since the functions automatically satisfy the asymptotic boundary conditions. The mass of
the wave can be defined as

o0 N oo
M= / Ulr.ydv+ O ™) =Y w5 6% / C,(x) dx. 4.7)
—0Q I’IIO —0Q

For a typical case treated in this section, we found that during 300 time steps fully enclosing
the cross-section of the interaction the numerical value\bfvaried from 0.3551762071910549 to
0.3551762071911115, i.e.3%551762071910832 0.566 x 10~*2 which is of order of theround-off
error of calculations with double precision. A straightforward discrete approximation of the energy is not
conserved in this scheme. It was showifidhthat it can be achieved only by means of internal iterations
within a given time step. We did not employ iterations here in order to keep it simple when illustrating
the new spectral technique. So the discrete approximation of the energy varies in our calculations up to
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Fig. 1. Exponential decay of the computed coefficients of the spectral expansios 006 andV = 300 atr = 0 andr = 300,
(a)Cl =12,¢, = -1.5; (b)Cl = —cp, = 1.05.

1074, Yet, a more elaborated energy norm (some kind of pseudo-energy), it was once again conserved
to the 13th digit as it was the case with mass. The energy norm employed here differs from the physical
energy by quantity of order of @f).

5. Results and discussion

An important characteristics of the RLWE is that the localized waves can be computed numerically
as initial value problem only for supercritical phase velocities. In the proper Boussinesq equation, the
faster solitons have smaller amplitudes, while in the case of the RLWE, as in the KdV equations, the
faster solitons are taller. When= 1 thenu(z, r) = 0, the amplitude of the wave is getting smaller as we
approach 1 from the above.

In Fig. 2 we present the collision of two equal solitons for 10 different times0, 50, 100,

150, 200 250, 300, 350, 400, 450 with¢ = 0.06 andr = 0.1. Since this is a highly nonlinear case and

just as in the calculations with the finite-difference sch¢@jen the site of the bygone collision some
oscillations develop. The residual signal becomes more significant as we are getting closer to the thresh-
old. Note that even the slightest but persistent “leakage” of energy during the calculations would have
led to eventual linear dispersion of the solution and disappearance of the permanent (sech) shapes. The
guantitative agreement with the finite-difference scheme is very good which means that the appearance of
oscillations is a property of the physical problem rather than numerical artifact. With the increase of the
phase velocity of the solitons (therefore their amplitude), the effect rapidly develops. For large enough
phase speed a blow-up occurs. The largestfor which we were able to find a solution was= 1.64

which compares quantitatively very well with blow-up threshold 1.64 as established {9].

The case of two unequal solitons is an important test of the numerical algorithm. The cases of equal
solitons need only even functions in the expansion while the other cases need also the odd functions.
Hence, the latter reveal the effectiveness of the method developed hEig. Bxwe show the collisions
of two nonequal solitons. The second case is at the threshold of the blow-up. It is seen that if we keep
c¢1 = —1.64and:; = 1.71 (Fig. ), then the solution blows up. For = —1.71, the largest value reached
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Fig. 2. Collision of two equal solitons: far= 0, 50, 100, 150, 200, 250, 300, 350, 400, 450 with ¢ = 0.06 andz = 0.1, (a)
C1 = —Cy = 1.5, (b)Cl = —C2 = 1.64.
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Fig. 3. Collision of two nonequal solitons: (&) = —1.2, ¢, = 1.5 for r = 0—600 with¢ = 0.06 andr = 0.1; (b) ¢; = —1.61,
¢z = 1.71 fort = 0-280 with¢ = 0.06 andr = 0.1; (C) ¢c; = —1.64, ¢, = 1.71 fort = 0—210 with¢ = 0.06 andr = 0.1; (d)
c1=—-12,¢, =22fort = 0-375 with¢ = 0.06 andr = 0.1.
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Fig. 4. The phase shifts for a system of solitons withi«(a} 1.5, shift 267 steps; (), = —1.2, shift 332 steps.

for cis ¢; = 1.61. One can conjecture that the threshold to the blow-up is, in fact, a condition on the
average value of the phase speedg§.itn 3d, we show that the same tendency is preserved for a case with
one large supercritical phase speed. When both phase speeds are large enough=(s&/,¢> = 5),

the blow-up occurs immediately after the collision of the solitons.

In the end, we focus our attention on the phase shift experienced by the solitons upon collisions.
The idea of phase shift is illustrated kig. 4. In Fig. 4a is presented the faster soliten= 1.5 (larger
amplitude), while inFig. 4b is the slower one with, = —1.2 (smaller amplitude).

In each of the panels dfig. 4, the profile of the soliton in its actual position is juxtaposed to the
respective soliton far = 20 (200 time steps). Since both solitons are initially at distance of 20 units from
the origin of the coordinate system, then the slower soliton would need0/1.2 ~ 33.33 (333 time
steps) to reach the position= 20 starting fronw = —20. Respectively, the faster soliton would need
time r = 40/1.5 ~ 26.67 time units (or 267 time steps) to clear up distance from 20 tox = —20.

As it is clearly seen the larger soliton is shifted less than the smaller. The respective values are 0.96 time
units for the larger soliton and 1.68 for the smaller.

We have conducted extensive numerical experiments and obtained results for phase shifts for a large
number of initial configurations of the solitons. A selection of phase shifts for different phase velocities
of the solitons which they appear to be in very good agreement with the finite-difference reg@lts of
are compiled infable 1

Table 1

Comparison for the phase shift of the RLWEE (spectral) and; (finite differences]9]

C1 5;;_ 51 Co 8; 82
1.2 1.12 1.09 -12 1.12 1.09
15 1.24 1.18 -15 1.24 1.18
2.0 1.28 1.24 —-2.0 1.28 1.24
5.0 1.16 1.27 -5.0 1.16 1.27
1.6 0.64 0.60 -12 1.88 1.84
4.0 0.92 0.97 -3.0 1.68 1.66

5.0 0.32 0.31 —-2.0 2.44 2.44




268 M.A. Christou, C.I. Christov / Mathematics and Computers in Simulation 69 (2005) 257-268

6. Conclusions

In the present paper, a Fourier—Galerkin spectral technique is developed for calculating the interaction
of localized waves. The interaction of solitary waves for the regularized long wave equation is considered
as a featuring example. It is shown that the solitons recover their exact shapes after the collision, in some
cases a residual signal is observed, when their phase velocities are in the threshold, but experience pha:
shift. The numerically obtained signs and magnitudes of the phase shifts are in very good quantitative
agreement with the numerical results[8f. We also calculate the phase shift of the solitons which are
not in the limit of the threshold just before the blow-up.

A complete orthonormal basis systemif(—oo, 0o) is used to expand the solution into Fourier series
with Galerkin identification of the coefficients. This is an important development of the technique in
comparison with our previous works where the shape of a single stationary solitary wave was the object
of investigation.

In the two-soliton case under consideration, the localization of the solution is much less tight and the
number of terms needed for good approximation is larger. The treatment of the problem required very
efficient implementation of the Fourier—Galerkin scheme.

A scaling parameters, is introduced which allows fine-tuning and optimization of the technique
proposed. Numerical experiments with different number of terms are conducted for different values of
the scaling parameter. These experiments establish the practical convergence of the method and indica
an exponential decay of the coefficients with the increase of their number (exponential convergence).
Highly accurate results are obtained for the time dependent problem with as féw-=a&0 terms. This
demonstrates the efficiency of the proposed technique and encourages the future use of the CON systel
of functions for more applications.
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