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1. Introduction
The main purpose of this communication is to present a simple ﬁnite difference scheme that
does an exceptionally good job of capturing the process by which an acoustic acceleration wave,
deﬁned as a propagating jump discontinuity in at least one of the ﬁrst derivatives of the acoustic
ﬁeld variables, blows-up in ﬁnite time (see e.g., Ref. [1]).
Thomas [2] appears to have been the ﬁrst to determine exact expressions describing the growth
and/or decay of acceleration waves (or ‘‘sonic discontinuities’’ as they are referred to in Ref. [2]) in
ﬂows of inviscid ideal gases. Later, Coleman and Gurtin [3] studied the amplitude evolution of
acceleration waves and mild discontinuities in ﬂuids which exhibit mechanical dissipation via the
relaxation of internal state variables. These authors went on to conjecture that acceleration wave
blow-up implies that a shock wave, which is a propagating jump discontinuity in at least one of
the acoustic ﬁeld variables themselves, had in fact formed. They noted, however, that a rigorous
mathematical proof of their supposition was lacking.
The scheme we develop here, which can be executed on a relatively inexpensive desktop or
laptop computer, is tested on a nonlinear initial-boundary value problem (IBVP) which models
acoustic acceleration wave propagation in an organ pipe. In addition to the numerical work, we
also present an analytical analysis of this IBVP using singular surface theory and note possible
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extensions of this research. Our ﬁndings provide numerical support for the conjecture of Coleman
and Gurtin [3] and show that a simple ﬁnite difference scheme can be used effectively in the
numerical analysis of start-up ﬂow problems which appear to exhibit discontinuity formation.
Before starting our analysis, it should be noted that the study of acceleration waves, which has
applications in many areas of the physical sciences, has been a topic of much interest for over a
century (see, e.g., Refs. [1,4,5] and the references therein). In particular, acceleration wave analysis
has been, and remains, an important tool in theoretical investigations of the various formulations
of thermoelasticity which have been proposed since the 1960s [5,6].
Let us begin by considering the (lossless) Lighthill–Westervelt (LW) equation in one spatial
dimension [7–9]:

ðg þ 1Þ=2;
gases;
2
2
2
(1)
c0 fxx  ftt ¼ c0 bfðft Þ gt ; b ¼
1 þ B=ð2AÞ; liquids;
where f ¼ fðx; tÞ denotes the velocity (or acoustic) potential; x denotes the spatial (Cartesian)
coordinate;
t denotes
time; c0 is the sound speed associated with inﬁnitesimal-amplitude acoustics
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(c0 ¼ g}0 =R0 in gases); bð41Þ is the coefﬁcient of nonlinearity [10]; g ¼ cp =cv is the adiabatic
index (g41); and where the constants cp and cv are the speciﬁc heats at constant pressure and
volume, respectively. Here, U ¼ ðuðx; tÞ; 0; 0Þ is the velocity vector, where u ¼ fx ; and we note that
r U is identically zero, the ratio B=A is the nonlinearity parameter [10], and the positive
constants }0 and R0 denote the values of the thermodynamic pressure } and mass density R in
the equilibrium state. (By equilibrium state we mean the unperturbed state in which u ¼ 0; R ¼ R0 ;
and } ¼ }0 :)
The LW equation describes the homentropic propagation of planer acoustic waves in
homogeneous, inviscid ﬂuids under the ﬁnite-amplitude (i.e. small but ﬁnite Mach number)
approximation. The origins of this PDE can be traced back to Lighthill’s [11] 1952 paper on the
process of aerodynamic sound generation, in which he stated what is know today as the Lighthill
turbulence stress tensor for the acoustic ﬁeld, and Westervelt’s [12] 1963 work on highly
directional transmitters and receivers in which he derived his well-known nonlinear equation for
the acoustic pressure by neglecting the viscous contribution in the Lighthill turbulence stress
tensor. Lastly, it should be noted that the LW equation, which is a special case of Kuznetsov’s
equation, also arises in the study of sound beams (again, see Refs. [7–9] and the references
therein).

2. Acceleration waves and jump amplitudes
Clearly, the usual form of the LW equation, i.e., the form given in Eq. (1), is not well suited for
the analysis of acceleration waves. Hence, for the purposes of the present Letter we make use of
the relations u ¼ fx and r ¼ R0 c2
0 ft ; where r ¼ R  R0 is the acoustic density (jrj5R0 ), and
recast Eq. (1) as the ﬁrst-order system
2
ut þ R1
0 c0 rx ¼ 0;

rt þ R0 ð1  2br=R0 Þ1 ux ¼ 0;

(2)

where the eigenvalues of the coefﬁcient matrix of this system are given by l1;2 ¼ c0 ð1 
2br=R0 Þ1=2 and we note that roR0 =ð2bÞ under the ﬁnite-amplitude approximation. Now, since
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l1;2 2 R and l1 al2 ; it follows that these equations comprise a strictly hyperbolic system [13].
Consequently, it is clear that discontinuities in the ﬁrst derivatives of u and r must propagate
along the system’s characteristic curves.
Imagine now a smooth planer surface x ¼ SðtÞ propagating along the x-axis of a Cartesian
coordinate system into a region R ﬁlled with a ﬂuid described by the LW equation, the speed of S
with respect to the ﬂuid being jUjða0Þ: Suppose that u; r 2 CðD1 Þ; where D1 ¼ fðx; tÞ : x 2 R; t 2
Rg; and u; r 2 C 2 ðD2 Þ; where D2 ¼ fðx; tÞ : x 2 ðRnSÞ; t 2 Rg; but that at least one of the ﬁrst
derivatives of u or r; say ut ; suffers a jump discontinuity (or jump) on crossing S; i.e., ½u ¼ ½r ¼ 0
but ½ut a0; where the amplitude of the jump in a function F ¼ F ðx; tÞ across S is deﬁned as
½F  F   F þ ;

(3)



and where F  limx!SðtÞ Fðx; tÞ are assumed to exist. (Employing the usual notation, a ‘‘þ’’
superscript corresponds to the region into which S is advancing while a ‘‘’’ superscript
corresponds to the region behind S:) Such a surface, which is singular with respect to ut ; is known
as an acceleration wave [1]. Hence, assuming that the value of ½ut  at t ¼ 0 is known, we proceed to
determine the value of ½ut  for all t40:
The ﬁrst step in the process is employing Hadamard’s lemma [1,3,6]
d½F
(4)
¼ ½F t  þ U½F x ;
dt
where d=dt is the (one-dimensional) displacement derivative with respect to S (i.e., the time-rateof-change measured by an observer traveling with S), along with the fact that ½u ¼ ½r ¼ 0; to
obtain the jump relations
U½ux  þ ½ut  ¼ 0;

U½rx  þ ½rt  ¼ 0:

(5)

If we assume that the ﬂuid ahead of the acceleration wave (i.e., the ﬂuid in the region which S is moving
into) is in its equilibrium state () Rþ ¼ R0 ), then it is clear that rþ ¼ 0: As a result, it is not difﬁcult to
show, using once again the fact that ½r ¼ 0 along with the formula for the jump of a product [6],
½FG ¼ F þ ½G þ Gþ ½F  þ ½F ½G

(6)

½rrt  ¼ 0:

(7)

that
On taking the jumps of Eqs. (2), which is permissible since they hold on both sides of S; and using Eq.
(7), we get the other two jump relations
2
½ut  þ R1
0 c0 ½rx  ¼ 0;

R0 ½ux  þ ½rt  ¼ 0:

(8)

Our next step is to determine U. To this end, we set the determinant of the coefﬁcient matrix of this
system of (four) jumps equations to zero. This leads to the propagation condition U 2  c20 ¼ 0; and
consequently the solutions U ¼ c0 : However, since Eq. (1) is invariant under the transformation
x ! x; it is clear that we need only consider, without loss of generality, a right-traveling acceleration
wave (i.e., the positive solution) and it follows that the acceleration wave corresponds to the moving
plane SðtÞ ¼ c0 t; where Sð0Þ ¼ 0 is assumed.
Although we omit the remaining details, it is a straightforward process using Hadamard’s
lemma, Eqs. (2), and the jump relations given above to derive the following nonlinear, ordinary
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differential equation [3]:
da
2
(9)
 bc1
0 a ¼ 0;
dt
where aðtÞ  ½ut : Eq. (9) governs the temporal evolution of the jump amplitude aðtÞ; it is a reduced
form of the well-known Bernoulli equation and its exact solution is given by
aðtÞ ¼

að0Þ
;
1  tbc1
0 að0Þ

(10)

where að0Þ  ½ut 0 and where ½ut 0 denotes the value of ½ut  at t ¼ 0: From Eq. (10) we observe that
if að0Þ40 then aðtÞ ! 1 as t ! y1 ; where the breakdown time y1 is given by
c0
y1 
;
(11)
bað0Þ
i.e., aðtÞ blows up at t ¼ y1 : In contrast, if að0Þo0 then y1 o0 as well, a reﬂection of the fact that
aðtÞ is always bounded when að0Þo0: More precisely, if að0Þo0 then aðtÞ ! 0  0 monotonically
as t ! 1; an example of what has been termed an ‘‘exceptional case’’ [4].
Lastly, we use the relation p ¼ c20 r; where p ¼ }  }0 is the acoustic pressure, and Eqs. (8) to
derive the following expressions for the jumps in the ﬁrst derivatives of p:
½pt  ¼ R0 c20 ½ux  ¼ c20 ½rt ;

½px  ¼ R0 ½ut  ¼ c20 ½rx :

(12)

From Eqs. (5) and (12) it is evident that if either of the ﬁrst derivatives of any one of the acoustic
ﬁeld variables suffers a jump across S; then so do the other ﬁve and, since U is a constant, it is
clear that every jump amplitude is directly proportional to all the others. Thus, we see that aðtÞ can
easily be expressed in terms of ½ux  or the jumps in either of the ﬁrst derivatives r or p.

3. Problem statement and mathematical formulation
Let us now turn our attention to the problem of ﬁnite amplitude acoustic waves propagating in
an organ pipe of length ‘: Initially, the air inside, which we assume behaves essentially like a
diatomic ideal gas, is in its equilibrium state. Let the pipe occupy the open interval ð0; ‘Þ along the
x-axis and let the pipe’s end at x ¼ ‘ be open to the atmosphere. At time t ¼ 0; a sinusoidal signal
of magnitude and frequency Rm and O; respectively, is suddenly inserted at the end x ¼ 0 and
maintained for all t40: Considering both the Rm cases, we wish to determine the acoustic
pressure, density, etc. inside the pipe for all 0otojy1 j:
The mathematical formulation of this unsteady compressible ﬂow consists of the following
IBVP involving the LW equation, which we formulate in terms of the acoustic density using the
relation r ¼ R0 c2
0 ft :
2
c20 rxx  rtt ¼ R1
0 bðr Þtt ;

ðx; tÞ 2 ð0; ‘Þ

Rð0; tÞ ¼ R0  Rm HðtÞ sin½Ot;
Rðx; 0Þ ¼ R0 ;

Rð‘; tÞ ¼ R0 ;

Rt ðx; 0Þ ¼ 0;

ð1; jy1 jÞ;
tojy1 j;

x 2 ð0; ‘Þ;

(13a)
(13b)
(13c)
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where HðÞ denotes the Heaviside unit step function and Rm ð5R0 Þ and O are positive constants.
(For a discussion detailing other aspects of ﬁnite amplitude acoustic phenomena in organ pipes,
see Ockendon and Ockendon [14] and the references therein.) Employing the nondimensional
variables
f0 ¼ f=ð‘V Þ;

x0 ¼ x=‘;

t0 ¼ tc0 =‘;

u0 ¼ u=V;

p0 ¼ r=Rm ¼ r=ðR0 Þ;

(14)

where V ¼ c0 Rm =R0 is a characteristic ﬂow speed and  ¼ V =c0 denotes the Mach number, we
recast IBVP (13) in terms of the dimensionless acoustic pressure as
pxx  ð1  2bpÞptt ¼ 2bðpt Þ2 ;
pð0; tÞ ¼ ð1Þnþ1 HðtÞ sin½ot;
pðx; 0Þ ¼ 0;

ðx; tÞ 2 ð0; 1Þ
pð1; tÞ ¼ 0;

pt ðx; 0Þ ¼ 0;

ð1; jt1 jÞ;
tojt1 j;

(15a)
(15b)

x 2 ð0; 1Þ;

(15c)

where o ¼ Oð‘=c0 Þ is the dimensionless frequency; t1 denotes the dimensionless form of y1 ;
n ¼ 0; 1 as demanded; we have expanded the second derivative term on the RHS of Eq. (13a) and
simpliﬁed; and all primes are suppressed but understood. Based on the results given in Section 2,
we ﬁnd that in the case of IBVP (15), the (dimensionless) jump amplitude and breakdown time are
given by
½px  ¼ ½pt  ¼

oð1Þn
1 þ botð1Þn

and t1 

ð1Þnþ1
:
bo

(16)

Here, the amplitude of the jump in the time-derivative of the boundary condition at x ¼ 0 across
the plane t ¼ 0 is ½pt 0 ¼ oð1Þnþ1 ; where


nþ1
½pt 0  oð1Þ
lim HðtÞ cos½ot  lim HðtÞ cos½ot ¼ oð1Þnþ1 lim cos½ot;
(17)
t!0þ0

t!00

t!0þ0

we observe that (see e.g., Ref. [1])

0 ) Expansive acceleration wave;
n¼
1 ) Compressive acceleration wave;

(18)

and we note that c0 has been normalized to unity under the set of dimensionless variables
employed. In addition, we observe that if n ¼ 0 (resp. n ¼ 1), then t1 o0 (resp. t1 40). Thus, it is
clear that only if the acceleration wave is compressive will the jumps in the ﬁrst derivatives of p
blow-up, and do so in ﬁnite time t ¼ t1 [2,3].
In the linearized case of IBVP (15), corresponding to setting   0; Eq. (15a) reduces to
the wave equation pxx  ptt ¼ 0 and the corresponding exact solution can be easily found
using the Laplace transform. For the purposes of the present communication, however, the
following simple expression, which very closely approximates the former for t 2 ð0; 1Þ; will be
adequate:
pðx; tÞ  ð1Þnþ1 Hðt  xÞ sin½oðt  xÞ

ðLinearized caseÞ:

(19)
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4. Scheme construction and numerical veriﬁcation
Having stated the IBVP and determined the corresponding jump amplitude and breakdown
time, we are now ready to make use of the ﬁnite-difference method to obtain a numerical solution.
Speciﬁcally, we construct a simple, but surprisingly effective, ﬁnite-difference scheme that does an
extremely good job capturing the ‘‘shocking-up’’ behavior described above. Also, to simplify our
presentation let us limit our attention to the acceleration wave’s initial passage through the organ
pipe, so as to avoid having to deal with changes in the waveforms due to reﬂection, and require
that jt1 j correspond to the time of ﬁrst reﬂection, i.e., jt1 j ¼ 1:
To this end, IBVP (15) must be discretized. The ﬁrst step in this process is selecting the integers
MX2 and KX2: Next, we set Dx ¼ T=M and Dt ¼ T=K; where Dx and Dt; respectively, denote
the (uniform) spatial- and temporal-step sizes and T 2 ð0; 1 denotes the supremum of t value for
which the solution is sought. (We recall that in terms of the dimensionless variables U ¼ 1:) It
then follows that the mesh points ðxm ; tk Þ are given by xm ¼ mðDxÞ; for each m ¼ 0; 1; . . . ; M; and
tk ¼ kðDtÞ; for each k ¼ 0; 1; . . . ; K: The third step involves the discretization of Eq. (15a). The
simplest way to accomplish this is by replacing the second-order derivatives with centereddifference quotients and ðpt Þ2 with a backwards-Euler quotient squared. Making these
replacements yields the difference equation
 kþ1

 k
2
pkmþ1  2pkm þ pkm1
pm  2pkm þ pk1
pm  pk1
k
m
m
 ð1  2bpm Þ
;
(20)
¼ 2b
Dt
ðDxÞ2
ðDtÞ2
where pkm  pðxm ; tk Þ: Now, since this scheme is linear in the most advanced time-step
approximation pkþ1
m ; we can solve for this term to obtain, after some manipulation, the explicit
scheme:
¼
pkþ1
m

k
k1 2
R2 fpkmþ1  2pkm þ pkm1 g þ ð1  2bpkm Þf2pkm  pk1
m g þ 2bfpm  pm g
;
1  2bpkm

(21)

where R ¼ ðDtÞ=ðDxÞ: Here, we observe that Eq. (21) holds for each m ¼ 1; 2; . . . ; M  1 and
k ¼ 1; 2; . . . ; K  1 and that the overall truncation error of the scheme is O½ðDxÞ2 þ ðDtÞ: The last
step concerns discretizing the boundary conditions and initial conditions. This is a relatively
simple process and we refer the reader to, e.g., Burden and Faires [15] for details.
For air at 20  C we have g ¼ 1:402 () b ¼ 1:201) and c0 ¼ 343 m=s (see Appendix 10, Table (c),
of Ref. [16]). For simplicity, we took o ¼ p; giving a dimensional frequency of O ¼ ð343p=‘Þ Hz:
Consequently, the Mach number required to give jt1 j ¼ 1 is found to be   0:265: While this
value of  may be a bit large, considering the ﬁnite-amplitude requirement 51; it does, in fact,
place the ﬂow well within range where compressibility effects are becoming important (i.e., where
the incompressibility approximation is not valid [17]) and, as we will soon see, provides for clearly
distinguishable plots of the nonlinear vs. linear solution curves.
In order to ascertain the scheme’s stability limits, we ﬁrst conducted an exhaustive series of
numerical experiments (not presented here) that involved varying R between zero and one with b;
; and o assigned the values noted above. What we found was that for R41=2; rapid progression
to instability occurred, while for Rp1=2 the actual numerical value of R had quantitatively little
impact on the results. We thus concluded that to ensure the stability of our (explicit) scheme, the
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condition Rp1=2 had be satisﬁed. Consequently, given that the numerical output is essentially
independent of R for Rp1=2; we choose R ¼ 1=2 since it requires the fewest number of time steps
to reach a given time stage.
To illustrate both the efﬁcacy of our scheme and the apparent transition from acceleration to
shock wave, we have, in Figs. 1 and 2, plotted the acoustic pressure proﬁle corresponding to IBVP
(15). Speciﬁcally, the time-sequences shown in Figs. 1 and 2, respectively, illustrate the evolution
of the jpj vs. x and the p vs. x solution proﬁles during the acceleration wave’s initial transit of the
pipe, with the former and latter respectively corresponding to the cases n ¼ 0; 1: The curves shown
in bold, which correspond to IBVP (15) with b  ð0:265Þð1:201Þ  0:318; were produced from
data sets computed by a simple algorithm which implemented our scheme on a PC running the
software package Mathematica (Version 5.0). Interpolations between the points were then
accomplished using Mathematica’s built-in cubic splin routine. To help illustrate the decay and
growth of the acceleration wave amplitudes, we have included the tangents to the solution proﬁles
at x ¼ t; which are plotted from Eq. (16)1 as broken line segments. And to allow for comparisons
of the nonlinear vs. linear versions of IBVP (15), we have also graphed the approximate linearized
solution given in Eq. (19) as the thin-solid curves.
Now, since we are considering lossless ﬂow, no attenuation of any other kind of the waveform is
present. This means that during the initial passage, the maximal amplitude of the solution proﬁle

Fig. 1. jpj vs. x with n ¼ 0; o ¼ p; t1 ¼ 1; T ¼ 1; Dx ¼ 5:0 104 ; Dt ¼ 2:5 104 ; and R ¼ 1=2: Bold: b  0:318:
Broken: tangent line to bold proﬁle at x ¼ t: Thin-solid: Eq. (19). (a) t ¼ 0:30; (b) t ¼ 0:50; (c) t ¼ 0:75; (d) t ¼ 0:95:
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Fig. 2. p vs. x with n ¼ 1; o ¼ p; t1 ¼ 1; and R ¼ 1=2: For t ¼ 0:30; 0:5; 0:75: T ¼ 1; Dx ¼ 5:0 104 ; and Dt ¼
2:5 104 : For t ¼ 0:95: T ¼ 0:95; Dx ¼ 7:6 105 ; Dt ¼ 3:8 105 : Bold: b  0:318: Broken: tangent line to bold
proﬁle at x ¼ t: Thin-solid: Eq. (19). (a) t ¼ 0:30; (b) t ¼ 0:50; (c) t ¼ 0:75; (d) t ¼ 0:95:

should be equal to the maximal value of the input signal. Figs. 1 and 2 clearly conﬁrms this
theoretical prediction, indicating unequivocally that our scheme does not introduce appreciable
artiﬁcial (i.e., numerically induced) dissipation or gain. Further, Figs. 1 and 2 also make clear
that our scheme captures the fact that the acceleration wave’s propagation speed is exactly
unity as witnessed by the comparison of the linear (thin-solid) and nonlinear (bold)
proﬁles. Moreover, as Fig. 2 indicates, all the above-mentioned results obtained are valid rather
close to the instant when t ¼ t1 ; which additionally strengthens our conﬁdence in the scheme
developed here.
Lastly, it should be mentioned that we also tested several second order in time schemes for the
ﬁrst-order time derivative that enters the nonlinear term, e.g., the standard one-side three-stage
difference representation of the derivative pt : Unfortunately, given the same physical/scheme
parameters, the results obtained were invariably worse than those for our simple scheme given in
Eq. (21). In fact, even a Richardson extrapolation did not really do a good job because it
enhanced the spurious part of the solution instead of damping it. This last ﬁnding we attribute to
the hyperbolic nature of the LW equation.

ARTICLE IN PRESS
P.M. Jordan, C.I. Christov / Journal of Sound and Vibration 281 (2005) 1207–1216

1215

5. Summary and ﬁnal remarks
We have presented a simple, but very effective, ﬁnite difference scheme to numerically
solve the LW equation in the context of IBVP (15). Using it, we were able to provide a
numerical justiﬁcation of the conjecture made by Coleman and Gurtin [3] regarding the
connection between acceleration wave blow-up and shock wave formation in ﬁnite time t1 :
Another important result is that our scheme gives not just a qualitative, but also a very good
quantitative description of the solution proﬁle corresponding to n ¼ 1 as it rapidly steepens (i.e.,
as it shocks-up). This point is very well illustrated in Fig. 2. Here, we see that the magnitude of the
slope of the tangent line, which is given by j½px j ¼ jp
x j; is tending to inﬁnity as the acceleration
wave nears x ¼ 1:
In particular, with n ¼ 1our scheme is able to accurately capture 95% of the wave’s evolution
before the ﬁrst reﬂection. In fact, the solution proﬁles generated by our scheme are stable and of
high accuracy, for both the n ¼ 0; 1 cases, and they are very smooth except for the well-deﬁned
corners corresponding to the two acceleration waves. The behavior shown is qualitatively and
quantitatively in very good/excellent agreement with the analytical predictions of the ﬂow’s
behavior given in Section 3. Naturally, with the increase of t beyond 0:95; the n ¼ 1 case begins to
exhibit instability in the vicinity of the proﬁle’s crest and around the discontinuity (i.e., shock) that
appears to be forming (again, see Fig. 2).
The logical extension of the physical scope of the present work would be to numerically
investigate the propagation of nonlinear acoustic acceleration waves in media that are not
necessarily in the equilibrium state. Further extensions could include adapting our scheme to
simulate singular surface phenomena which occur in other areas of the physical sciences, most
notably some of the modern formulations of thermoelasticity [5,6].
Finally, regarding the further development and reﬁnement of the numerical scheme, future
versions could include nonuniform spatial grids and adaptive time steps for better resolution as
t ! t1 ; as well as the use of conservative [18,19] and/or nonstandard [20,21] ﬁnite-differencing
methods.
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