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Abstract. We propose an approach to identifying the solutions of the
steady incompressible Navier-Stokes equations for high Reynolds num-
bers. These cannot be obtained as initial-value problems for the unsteady
system because of the loss of stability of the latter. Our approach consists
in replacing the original steady-state problem for the Navier-Stokes equa-
tions by a boundary value problem for the Euler-Lagrange equations for
minimization of the quadratic functional of the original equations. This
technique is called Method of Variational Imbedding (MVI) and in this
case it leads to a system of higher-order partial differential equations,
which is solved by means of an operator-splitting method. As a featuring
example we consider the classical flow around a circular cylinder which
is known to lose stability as early as for Re = 40. We find a station-
ary solution with recirculation zone for Reynolds numbers as large as
Re = 200. Thus, new information about the possible hybrid flow regimes
is obtained.

1 Introduction

Navier-Stokes (N-S) equations, describing the flows of viscous incompressible
liquid, exhibit reach phenomenology. Especially challenging are the flows for
high Reynolds numbers when the underlying stationary flow loses stability and
a complex system of transients takes place leading eventually to turbulence. In
high Reynolds numbers regimes, the steady solution still exists alongside with the
transients, but cannot be reached via numerical approximations of the standard
initial-boundary value problem. It is important for the theory of the N-S model,
to find the shape of the stationary solution even when it loses stability.

To illustrate the point of the present work, we consider the classical flow
around a circular cylinder which has attracted the attention because of the early
instability and intriguing transitions to turbulence. The flow becomes unstable
as early as Re = 40 and the stationary regime is then replaced by an unsteady
laminar flow called “Kármán vortex street, for 40 < Re < 100. With further
increase of the Reynolds number the experiments show that the flow ends up
in the turbulent regime around Re = 180. The appearance of 3D instabilities
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around Re = 200 was also confirmed by direct numerical simulations [9]. In
spite of the many numerical calculations of the flow past a circular cylinder,
accurate steady-state solutions for very large Reynolds numbers up to about
700 have been obtained only by Fornberg [7,8]. In his works, Fornberg reached
high values of Reynolds number by means of a smoothing technique, which
means that the problem is still not rigorously solved and is open to different
approaches.

Although some agreement between theoretical, numerical and experimental
results exists, there is a need for further work in this classical problem. To
answer some of the above questions, we present here a new approach to identify
the two-dimensional steady-state solution of N-S for the flow around a circular
cylinder.

2 Problem Formulation

Consider the two-dimensional steady flow past a circular cylinder. The governing
equations and the boundary conditions are presented in dimensionless form and
polar coordinates (r, ϕ). The N-S equations read
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where ur = u(r, ϕ) and uϕ = v(r, ϕ) are the velocity components parallel re-
spectively to the polar axes r and ϕ; p = p(r, ϕ) is the pressure. Furthermore,
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∂ϕ2 is the so-called Stokesian. As usually, the Reynolds
number (Re = U∞d/ν) is based on the cylinder diameter d = 2a, velocity at
infinity U∞, with ν standing for the kinematic coefficient of viscosity. In terms
of dimensionless variables, the cylinder surface is represented by r = 1 and the
velocity at infinity is taken equal to the unity, i.e., U∞ = 1.

The boundary conditions reflect the non-slipping at the cylinder surface and
the asymptotic matching with the uniform outer flow at infinity, i.e. at certain
large enough value of the radial coordinate, say, r∞. Due to the flow symmetry
the computational domain may be reduced. Thus
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3 Method of Variational Imbedding (MVI)

For tackling inverse and incorrect problems Christov [1] developed the already
mentioned MVI. Consider the imbedding functional of the governing equations
(1)–(3)

J (ur, uϕ, p) =
∫ π

0

∫ ∞

1

(
Φ2 + Ω2 + X2) r drdϕ. (5)

The idea of MVI is to solve the equations of Euler-Lagrange, which are the
necessary conditions of the minimization of the functional with respect to ur,
uφ, and p, respectively
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The last equation after acknowledging the continuity equation becomes the
well-known Poisson equation for pressure
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To Eq. (4) we add also the so-called natural boundary conditions for mini-
mization, which in this case reduce to Φ = Ω = Ξ = 0 for r = a and r = r∞.

4 Interpretation of the MVI System and Implementation

Preserving the implicit nature of the system is of crucial importance because
of the implicit nature of the boundary conditions, which involves the continu-
ity equation but does not have explicit condition on pressure. To this end we
introduce the vector unknown and right-hand sides

θθθ = Column[Φ, uφ, Ω, ur, p], F = Column[FΦ, Fuϕ , FΩ, Fur , F p], (10)



178 C.I. Christov, R.S. Marinova, and T.T. Marinov
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We denote the linear differential operators as Λr = ∂
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The original system under consideration is non-linear but the way we in-
troduced the non-homogeneous vector F hints at the obvious linearization: we
invert just the linear operators Li. The iterative procedure is based on the op-
erator splitting and the novel element here is that we perform the splitting in
the vector form of the system. We generalize the second Douglas scheme [6],
sometimes called the scheme of stabilizing correction (see also [15]) in the form

θθθn+ 1
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n+ 1
2 + L2θθθ

n + F n,
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2
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or, which is the same

(I − σL1)θθθ
n+ 1

2 = (I + σL2)θθθ
n + σF n, (I − σL2)θθθ

n+1 = θθθn+ 1
2 − τL1θθθ

n, (13)

where σ is the increment of the artificial time, and L1 and L2 are one-dimensional
operators. The superscript n stands for the “old” time stage, n + 1

2 for the
intermediate step and (n + 1) – for the “new” step.
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Fig. 1. Grid-points distribution

The scheme of stabilizing correction approximates in the full time step the
backward Euler scheme and, therefore, for linear systems it is unconditionally
stable. For the nonlinear problem under consideration it retains its strong sta-
bility allowing us to choose rather large time increments σ and to obtain the
steady solution with fewer steps with respect to the artificial time.

We chose finite difference method with symmetric differences for the spatial
discretization. The number of points in r direction is M , and in φ direction – N .
The pointwise values of the set functions that comprise the vector of unknowns θθθ
are arranged in the same order and as a result we get a vector of dimension 5M
or 5N . Note that each of the five equations of the system on each half-time step
is represented by a tri-diagonal algebraic system. However, in order to preserve
the coupling, we render it to an eleven-diagonal system for the properly arranged
vector of unknowns. Thus we are able to impose the boundary conditions as they
stand: two conditions on a velocity component and no conditions on pressure.
As a result, the scheme is fully implicit with respect to the boundary conditions
which is extremely beneficial for the stability. We have used this idea in different
algorithms for solving the N-S equation and it proved crucial for the effectiveness
of the scheme ([11,13]).

We use both uniform and non-uniform grids in order to evaluate better the
approximation properties of the algorithm. The special non-uniform grid

ri = exp
[
(i − 1)

R − 1
Nr − 1

]
, ϕj =

1
π

[
(j − 1)

π

Nϕ − 1

]2

,

takes into account the a-priori information of the regions of large gradients of
the flow and it is presented in Fig. 1. The grid is staggered for p in direction
ϕ, which ensures the second order of approximation of the pressure boundary
condition on the lines of symmetry ϕ = 0 and ϕ = π. For the same reason the
grid for ur and Ω is staggered in both directions. The grid-lines in direction r
are denser near the cylinder and sparser far from the body. The grid in direction
ϕ is chosen to be denser behind the body. All boundary conditions are imposed
implicitly with the second order of approximation.
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Table 1. Results for Cp, Cf , CD and p(1, π) − p(1, 0), obtained on uniform grid with
different hϕ and hr and fixed Re = 4, r∞ = 16

Grid Cp Cf CD p(1, π) − p(1, 0)
51 × 26 2.9732 2.3695 5.3427 1.9533
101 × 51 2.9652 2.5203 5.4855 1.9420
201 × 101 2.9623 2.5812 5.5435 1.9384

5 Scheme Validation

Since we use artificial time and splitting scheme, the first thing to verify is that
the result for the steady problem does not depend on the time increment. We
computed the solution for Re = 40 on the non-uniform grid using three different
artificial-time steps: σ = 0.1, 0.01, 0.001 and have found that after the stationary
regime is reached, the results for the three different time steps do not differ more
than 10−6, which is of the order of the criterion of convergence of the iterations.

The next important test is the verification of the spatial approximation of
the scheme. We have conducted a number of calculations with different values
of mesh parameters in order to confirm the practical convergence and the ap-
proximation of the difference scheme. In these tests, the mesh is uniform in
both directions with spacings hr and hϕ. The uniform grid is adequate only for
Re ≤ 40, but it is enough for the sake of this particular test. Results for some of
the important characteristics as obtained with different spacings hr and hϕ are
presented in Table 1 for r∞ = 16 and Re = 4.

The third test is to find the magnitude of r∞ for which the solution is ad-
equate. Clearly, the boundary conditions should be posed as close to the body
as possible to save computational resources. On the other hand, the boundary
condition has to be at a sufficiently large distance from the end of the separa-
tion bubble. We examined the dependence of solution on r∞ for Re = 20 when a
separation is known to exist. Table 2 presents some of the flow characteristics as
computed with different r∞. The impact of r∞ is significant for small values, but
the results converge with the increase of r∞. It is clear that r∞ ≥ 20 presents
a large enough computational domain, so the further change of the parameters
with the increase of r∞ is insignificant.

Table 2. Separation angle ϕsep, bubble length L and width W , pressure drag coefficient
Cp, friction drag coefficient Cf , difference pdiff = p(1, π) − p(1, 0), max |ω(1, ϕj)| as
functions of r∞ grid for Re = 20 and uniform grid with hr = 0.07 and hϕ = π/100

r∞ ϕsep L W Cp Cf pdiff max |ω(1, ϕj)|
4.5 0.636(36.45◦) 1.81 0.581 2.5105 1.4345 1.8219 6.61
8 0.717(41.06◦) 2.35 0.689 1.7368 1.0701 1.3945 5.15
15 0.744(42.63◦) 2.68 0.728 1.4208 0.9098 1.0706 4.45
22 0.749(42.94◦) 2.78 0.749 1.3308 0.8621 1.0056 4.24
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Fig. 2. Flow patterns for Re = 20 and Re = 200

6 Results

The above described algorithm yielded stable computations for Reynolds num-
bers as high as Re = 200, much higher than the threshold of instability, which
is believed to be around Re = 40. In Fig. 2 we present the streamlines and the
vorticity distribution for two Reynolds numbers.

Our results indicate that the flow separation and formation of a recirculation
zone behind the body appears first for Re = 10. The length of the wake (sepa-
ration bubble) becomes longer and wider with increasing the Reynolds number.
Our numerical results with Re = 20 on a non-uniform grid (r∞ ≈ 88) differ less
than 10% from those with the uniform grid 301×101, where r∞ = 22. The reason
for the relatively high discrepancies are the large spacings of the uniform grid
near the surface of the body, in particular in the r-direction, where hr = 0.07.
In this case the value of r∞ = 22 is not sufficiently large as well.

Fornberg [7] has found that the wake bubble (region of recirculating flow)
has eddy length L ∝ Re, width W ∝

√
Re up to Re = 300, and W ∝ Re be-

yond that. Smith [14] and Peregrine [12] have performed theoretical work which
gives a fresh interpretation of Fornberg’s results. There are several discrepancies
between the theories of Smith and Peregrine, some of which are a matter of
interpretation. These are unlikely to be resolved without further analysis and
computational work. Our works is a contribution to this direction. The charac-
teristics of the wake are presented in Fig. 3. Similarly, the values of the separation
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Fig. 3. Characteristics of the wake

angle ϕsep measured from the rear stagnation point are in good agreement with
the computations of [5].

7 Conclusion

The results of the present work validate the proposed approach in the sense that
the possibility of finding the steady solution even when it is unstable physically
is clearly demonstrated. It should be noted that within the truncation error, our
approach is exact, and no additional procedures, like filtering or smoothing, are
applied. Steady solutions have been computed in primitive variables formulation
for Re ≤ 200. The Reynolds numbers range of our work is wider than the oth-
ers with the exception of Fornberg’s work in stream function/vorticity function
formulation, where an ad hoc smoothing is used.
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