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Summary

Three weakly nonlinear models of lossless, compressible fluid flow—a straightforward weakly
nonlinear equation (WNE), the inviscid Kuznetsov equation (IKE) and the Lighthill-Westervelt
equation (LWE)—are derived from first principles and their relationship to each other is estab-
lished. Through a numerical study of the blow-up of acceleration waves, the weakly nonlinear
equations are compared to the ‘exact’ Euler equations, and the ranges of applicability of the
approximate models are assessed. By reformulating these equations as hyperbolic systems of
conservation laws, we are able to employ a Godunov-type finite-difference scheme to obtain
numerical solutions of the approximate models for times beyond the instant of blow-up (that is,
shock formation), for both density and velocity boundary conditions. Our study reveals that the
straightforward WNE gives the best results, followed by the IKE, with the LWE’s performance
being the poorest overall.

1. Introduction

The theory of lossless (that is, inviscid, non-heat-conducting) compressible fluids is of considerable
interest because of its numerous physical applications. Many models, with varying degrees of com-
plexity and approximation/exactness, can be found in the literature. However, they all are the result
of the application of certain simplifications and assumptions (that stem from the physical situation
under consideration) to the exact equations of motion for lossless compressible fluids, that is, the
Euler equations], 2).

In the theory of nonlinear acoustic8 {o 7), the most popular weakly nonlinear approxima-
tions are the inviscid Kuznetsov equation (IKB) @énd the Lighthill-Westervelt equation (LWE)
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(9). These weakly nonlinear (or ‘finite-amplitude’) models have been indispensable in shaping our
understanding of the various physical mechanisms at work in such wave phenomena. However,
the full extent of the nonlinear effects they embody can only be found through numerical simula-
tion/experimentation.

In (10, 11), we performed a series of numerical simulations of nonlinear acoustic propagation in
a one-dimensional (1D) setting. 10@), we showed how the LWE can be solved numerically using
the same framework as the Euler equations, that is, that of Godunov-type scH@mE3.(Sub-
sequently, we showed i1 {) that because the LWE is based on the ‘linear-impedance assumption’
(LIA) (4), its ability to correctly describe the cumulative effects of nonlinearity is seriously hindered.

In an effort to better understand the latter results, we present here a first-principles approach
to lossless compressible flows under the weakly nonlinear theory—that is to say, we derive an
approximate finite-amplitude equation with the least number of assumptions and approximations.
In addition, we show how the ‘classical’ approximate models can be obtained from it, and explain
the differences. It should be noted here that by a ‘weakly nonlinear model’, we mean an approximate
equation in which the nonlinear terms of second order and higher in the Mach number are neglected,
under the assumption that the Mach number is sufficiently small.

As in our previous works, we rely on numerical methods to assess the applicability and per-
formance of the approximate models of nonlinear acoustics. It should be noted here that, until
recently, numerical studies of these model equations were lacking in the literatuEvén more
scarce were comparative studies, in which the performance of several model equations is evalu-
ated simultaneously—an issue we address in the present work. To the best of our knowledge, the
only study of this kind (prior to our work) is that of Kagawea al. (14, 15), who investigated cer-
tain problems involving self-focusing apertures using the finite-element method. They attributed
the poor performance of LWE to the particular problem being simulated, and thus did not reach
the same conclusion that we did ibl, specifically, that the LWE is ‘crippled’ by the LIA. More-
over, the numerical work of Kagawet al. (14, 15) was limited to smooth flows. Thus, the latter
authors were unable to fully assess the ability of the IKE and the LWE to capture shock formation
and related phenomena, these being the most prominent effects of nonlinearity in hyperbolic equa-
tions. This limitation is remedied in the present work by our use of a Godunov-type finite-difference
scheme which allows us to numerically solve all the model equations for times beyond the instant
of shock formation.

Here, we would like to emphasize the generality and extensibility of our numerical approach.
Though simple finite-difference schemes can be used to effectively simulate nonlinear acoustic
propagation prior to shock formatiot), such methods break down when large gradients develop
in the field variables. To overcome this, we employ a variation of the Monotonic Upstream-centered
Scheme for Conservation Laws (MUSCL), which is a shock-capturing Godunov-type scheme, due
to Hancock 12), as we did in 10, 11), which is designed to compute discontinuous solutions of
generic hyperbolic systems of conservation laws. Thus, after the model equations have been re-
formulated as conservation laws, we solve all of them with the same numerical method! It should
be noted that Inoue and Yand7) successfully employed a Godunov-type scheme to compare the
weakly and fully nonlinear theories in the context of tdewave problem. However, unlike us, the
latter authors employed asymptotic methods to study the weakly nonlinear case. Moreover, it should
be noted that, Godunov-type schemes perform as well as the classical finite-difference schemes
when the flow is smooth. For example, Godunov-type (finite-volume) schemes have been found
to be especially effective for linear acoustics problems in random m&#jawhere the solutions
remain smooth but the governing equations have oscillatory coefficients.
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We focus our numerical experiments on the interesting phenomenon of acceleration wave blow-
up in finite time. As opposed to a shock wave, which is defined as a propagating surface across which
one or more of the acoustic field variables themselves suffer a jump discontinuity, an acceleration
wave is defined as a propagating surface across which at least one of the first derivatives of the field
variables exhibits a jump discontinuit§9). Our investigation provides support for the conjecture
that finite-time blow-up leads to shock formatid20( 21). In this context, Thomas2@) appears to
have been the first to determine exact expressions describing the growth (that is, blow-up) and decay
of what he called ‘sonic discontinuities’, that is, acceleration waves, in ideal gases using singular
surface theory. Subsequently, ElcraB), Jordan and Christo\l§), Jordan and StraughaB4), as
well as the present authors, 11), all considered the propagation of acoustic acceleration waves in
lossless gases. Additionally, it should be noted that acceleration waves, which are special cases of
singular surfacesl@, 25), arise not only in acoustics but also in other areas of continuum mechanics
(26to 34). Furthermore, acceleration wave analysis provides theoretical results that can be used to
gauge the reliability and efficacy of numerical schemies. (

This paper is organized as follows. In sectidnthe theory of lossless flow is revisited and
a unified derivation of the equations of motion for both perfect gases and a class of barotropic
fluids is presented. (Note that a barotropic fluid is one for which the pressure is a function of
the density alonel)).) In section3, we discuss the derivation of the approximation equations of
motion under the finite-amplitude assumption. In secdormve show how the weakly nonlinear
equations can be reformulated as hyperbolic systems of conservation laws. Then, inS5eggon
provide a number of analytical results, based on the first-order system formulation of the approx-
imate equations, showing why the straightforward weakly nonlinear approximation advocated in
this paper is better than the classical ones. In sedijome compare and contrast the three ap-
proximate models and the Euler equations on the basis of numerical simulations of acceleration
wave blow-up. Finally, in sectiof, we state our conclusions and mention possible future work.

In addition, two Appendices are provided for completeness and convenience: In Appendix A we
give a brief summary of the Godunov-type scheme used for our calculations; in Appendix B we
summarize the standard singular surface analysis of acceleration wave blow-up for the case of a
perfect gas.

2. Governing equations

It is generally accepted that the motion of a lossless, compressible fluid is described by the well-
known Euler equationsl( 2), which read

ot +V-(ev) =0, (2.1)

0 [vt+%V|v|2—VA(vAv)} +Vp=0. (2.2)

Here,v is the velocity vectorp(>0) is the mass densityy (>0) is the thermodynamic pressure,
and all body forces have been omitted. Moreover, since the fluid is lossless, the flow is therefore
isentropic, and it follows thay = 0, wherey is the specific entropy and a superposed dot denotes
the material derivative. However, we now make the additional assumption of homentropic flow,
meaning thafy = 0 andV#x = 0 (1).

Finally, the equation of state, which is the thermodynamic relation needed to close our system of
equations, is of the specific form

o = p(0), (2.3)
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that is, we have a ‘barotropic’ flowl(2). Note that the flow of a barotropic fluid is always barotropic,
but the converse need not be true. Note also that in the case of a perfect gas undergoing homentropic
flow, it can be shown that the equation of state assumes a polytropic2pram is thus a particular
case of 2.3). However, for fluids in general, especially liquids, it is not always possible to determine
the dependence @ upon the other field variable§) Therefore, in such case£.8) would be an
assumption.

To further simplify our presentation, let us make the additional assumption that initially, the fluid
is in its equilibrium state; that is, at tinte= 0, we haver = 0, p = g0, = o andy = 5o, Where
00, $0 and 5o are constants. Thus, since the flow is homentropic, assuming initial equilibrium
implies not only thaty = 5o for all t > 0 but also that the flow is always irrotational, that is,
V Av =0forallt > 0. Therefore, in the present work, we only consider longitudinal (or acoustic)
wave phenomena.

Let us now introduce the following dimensionless variables:

{X/a y/s z} = {Xa Y, X}/Ls t' = t(CO/L)s ¢/ = ¢/(Um|-),

@ =p/(00cd), o =o/eo, U =u/um, (2.4)

where (0<)um def max|v| and L (>0) denote a characteristic speed and length, respectively, and
Co is the sound speed in the undisturbed fluid. In terms of these variables (omitting the primes
without fear of confusion), and recalling the irrotational nature of the flow, the governing system of

equations becomes

ot +€V-(ov) =0, (2.5)
Vi + 2eVIVZ + el ve =0, (2.6)
o =p(), (2.7)

wheree d:efum/co is the Mach number.
Since the flow is barotropic, we can introduce the specific enthalpy function

4
h(e) = ho + / 19945, (2.8)
1 0dd

wherep is a ‘dummy’ integration variable art is a constant that depends only on the initial state
of the fluid (that is hg denotes the specific enthalpy of the fluid in its equilibrium state). UBjng
we can now rewrite the pressure gradient ternRig)(as

~Vp=—-—-Vp=—Vp=Vh. (2.9)
0 0 de de
Moreover, the conservation of mass equatidm)(can be recast in the form
hi + ev- Vh = —ec?V - v, (2.10)
where
de dh
2
CC=—"—=0p— 2.11
do ~%d, (2.11)

is the (dimensionless) local speed of sound.
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Upon introducing the velocity (or acoustic) potentialwherev = V¢, into (2.6) and integrating
over space, we obtain the following well-known relation between the enthalpy and the potential:

h—ho=—c (¢t + %e|v¢|2) , (2.12)

which is known as the Cauchy-Lagrange integ2l Similarly, in terms of the potential2(10
becomes

ht + €V¢ - Vh = —ec?V?¢. (2.13)
Introducing @.12 into (2.13, we obtain

bt + 2V - Vb + €2|VP|2V2p = c?V2gp. (2.14)

This is the general expression of the conservation of momentum in terms of the potential function.
Note that 2.14) is not closed becausgs, at this point, an unknown function of the field variables.
But, given the nature of our flow, there are two well-known instances in whizdn be expressed
(explicitly) in terms ofg. The first is the case of a perfect gas and the second is that of a barotropic
fluid for which g is a quadratic function of.

2.1 Case of a perfect gas

For the homentropic flow of a perfect gag,3) assumes the following specific (polytropic) form:

p=0"/7, (2.15)

where the constant(>1) is the ‘adiabatic index’%, 2). Then, from 2.11), we easily obtairc? =
o” ~1. Furthermore, we find (by substituting.(5 into (2.8) and performing the integration) that

1 1
h=—_p’" 1= 2 = c?(h)=(y — Dh, (2.16)
y—1 y—1

which furnishes the needed explicit dependenceai h, and gives usp = (y — 1)~L.
Next, using £.12 to eliminateh from (2.16), we obtain

P=1—e@y —1) [q&t n %e|v¢>|2} . (2.17)

Substitution of the latter into2(14) yields the following exact, closed-form equation for the
potential:

b +26Vh Von = 1= ey — Dy — 320 + DIVYP?| V29, (2.18)

which we refer to as the ‘potential Euler equation’ (PEE).

2.2 Case of a barotropic fluid with a quadratic equation of state

Here, the (dimensionless) equation of state is taken to be a quadratic function of the d&nsity (
namely,

P=po+@—1+ia-172 (2.19)
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wherea (commonly denoted b/ A) is known as the ‘nonlinearity paramete86) andgpg = y ~*
is the pressure in the equilibrium state. Equatigril9 often arises as an approximation to the
formal Taylor-series expansion &.0).

We begin by substituting2(19) into (2.8) and performing the integration to find that

h—ho=0-a)lng+ale—-1) (2.20)
andhg = a. Then, after setting d=8foc/(1 — a), we have
h(g) = (L - a)(Ing + Gg) = o(h) = &~ Wolae" =], (2.21)

whereWp(-) is the principal branch of the Lambaft-function 35).
Next, we differentiate4.19 and use 2.2]) to find that the square of the sound speed is

=1+a(@—1) =1-a){l+Wlae”T]. (2.22)

Using .12 to eliminateh from the latter, we obtain

P=(1-a) {1+ Wo (a exp{& - 1f—a <¢t + §E|v¢|Z)D} , (2.23)

which furnishes the explicit relation betweemndg, needed to clos€(14). Therefore, the result-
ing exact, closed-form equation for the potential is

dit + 2V - Ve =
1-a) 1—i|v¢|2+w aex a—L(qs +le|v¢|2) V24, (2.24)
l-a 0 1—q \"' T2 ’ '

which appears to be a new result.

Clearly, .29 is quite complicated and likely intractable. Fortunately, we can derive a simpler,
albeit approximate, equation by assuming thatc 1. Under this assumption, an inspection of
(2.12 indicates that the relative change in the enthalpy will be of the same order, that isg =
O(e). Thus, one can use the Taylor-series expansion ditifanction (35) in terms ofh about the
equilibrium valuehg to simplify the right-hand side o2(22):

@~ Wo[aeho/ =]
(1 — a){1+ Wo[aeMo/A-a)])

+ O[(h - ho)?. (2.25)

Recalling thathg = a, @ = a/(1 — «) and using the identityVp(&e*) = & (35), (2.25 simplifies
to

0 = & Wo[ae" 9] = a~Lwp[aeh/ 9] + (h — ho)

0 =1+ (h—hg) + O(?). (2.26)
Then, within the same order of approximation with respect to the Mach number, we obtain
2=1+ale-1)~1+ah—ho) =1-ca (¢t + %6|V¢|2) , (2.27)

where the last equality follows fron2(12). At this point, it should be clear that upon introducing
the latter relation into4.14), the equation for the potential that we obtain is identicaltd® with
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y — 1 replaced by:. This is not surprising; in the case of a perfect gass related to the adiabatic
index bya =y — 1 (3, 5, 36). (One can easily show this by expandi2gl® in a Taylor series and
matching the resulting coefficients to those 2m1@).)

Thus, we can us&(18 for the homentropic flows of both perfect gases (for arbitrary Mach num-
bers) and barotropic fluids with a quadratic equation of state (for sufficiently small Mach numbers).
Again, we emphasize tha2.@4) is valid for arbitrary Mach number values, but it is of limited use
due to its complicated form. Finally, we note that the assumptiez 1, which is the basis of the
finite-amplitude approximation, is used in sect®to derive approximate versions ¢.(8.

3. Finite-amplitude approximations in one dimension

For the remainder of this paper, we restrict ourselves to 1D homentropic flow of a perfect gas along
the x-axis (that is, we assume= V¢ = (u(x, t), 0, 0)). Thus, .5, (2.6) and .15 become

ot + €Upx + epux =0, (3.1)
o(Ut + euuy) + e Loy =0, (3.2)
=0 /7. (3.3)
Similarly, the PEE, given by(18), reduces to
[1—€(y — Detlpux — 2ehxbx — prt = 36°(7 + () bxx- (3.4)

This equation appears in a number of wor&$q(5, 10, 11) and has many applications—for example
in the study of acoustic waves and nonlinear resonances in organ Bif)es (

At this point, it is common to make use of the finite-amplitude (or weakly nonlinear) assumption,
that is, 0< € « 1, to derive simpler, but approximate, versions &#). Below, we discuss three
model equations that result from this assumption.

3.1 Consistent weakly nonlinear approximation

Upon neglecting terms that a€&(e?) in (3.4), we obtain

[1—e(y — Detlpxx — it = 2edxix, (3.5)

which we refer to as the straightforward WNE.

Despite being the most consistent and most obvious weakly nonlinear approximation, this equa-
tion has not received much attention in the literature. In fact, the only work we are aware of that
gives the above equation (albeit in its viscous form) is Crighton’s 1979 review ardi8levf(here
its derivation is attributed to Blackstock. Consequently, it might be more appropriate t& &ll (
the inviscid Blackstock—Crighton equation.

3.2 The inviscid Kuznetsov equation

A slightly different weakly nonlinear model is attributed to Kuznets@&w( 8). The lossless version
of the latter reads

dxx —[L+€(y — Dl = 2epxepxts (3.6)
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which we refer to as the IKE. Clearly, the IKE and the WNE are both valid weakly nonlinear approx-
imations to 8.4) of the same asymptotic order of approximation with respect to the small parameter
€. However, it is important to realize that, although the IKE and the WNE look similar, they are
not identical. Clearly, Kuznetsov employed additional approximations that were not reported in his
paper (see the passage from (13) to (148, (where the claim is made tha.6) follows directly
from the approximate (weakly nonlinear) equation of state. Other authors (see, for ex&ghel (
the references therein) make use of approximate relations between the primitive variables and the
potential function to obtain this equation.

The IKE can be derived rigorously from the PER), or the WNE, by multiplying both sides of
(3.4), or (3.5, by [1 — e(y — 1)¢]~1, expanding the latter in a binomial series (assuneirg 1 is
sufficiently small), and then neglecting terms that@e?). While this yields a somewnhat simpler
equation than3.4), it offers no advantage with regard to obtaining an analytical solution. In fact,
from the physical point of view the use of a binomial expansion is unnecessary and should be
avoided. As we will show, the WNE is, indeed, a better approximation than the IKE.

3.3 The Lighthill-Westervelt equation

Another popular weakly nonlinear approximation can be obtained by employing theéJ $A—¢;
(3, 6, 10) only on the right-hand (that is, the perturbing) sidej. This yields

Pxx —[1+€(y + Drlpre =0, (3.7)

which we refer to as the LWE.

In essence, the LIA claims that the pressure/density and velocity are in phase. It is strictly valid
(and exact) for linear progressive waves. For nonlinear waves, the LIA is a valid approximation only
in the immediate vicinity of the wave-front. Making use of the LIA removes the mixed derivative
term ¢y from the equation of motion. Hence, from a mathematical point of view, this is regarded
as a desirable simplification since it yields an equation that is more amenable to standard analytical
and numerical methods. However, as we have showhl) there is no justifiable physical reason
to employ the LIA since it gives rise to a model that is seriously crippled.

It should be noted that the original derivation 8f7) is attributed to WestervelB( 6, 9), who
used the celebrated Lighthill turbulence stress tensor for the acousticI®|dr( the context of
parametric acoustic array8)(and the scattering of sound by soudd); Thus, the original deriva-
tion and its context are rather different from the now-common approach of deriving the LWE as a
weakly nonlinear approximation t8 @) via the IKE and the LIA. In fact, its appears that Westervelt
employed a number of approximations without due justification. We prefer to think of the LWE as a
further approximation stemming from the IKE. This is especially helpful when trying to understand
why the LWE performs significantly worse than its siblings, the IKE and the WNE.

4. Reformulation of the potential equations as conservation laws

In order to ascertain the range of applicability of the approximate models, one has to be able to nu-
merically solve the corresponding equations not only when the solution is smooth but also after the
instant of shock formation. It is well known that equations whose solutions develop singularities in
finite time are very difficult to solve numerically. However, in the past couple of decades Godunov-
type schemes have proved to be adequate tools for solving hyperbolic systems of conservation laws
(12, 13) that admit discontinuous solutions. Therefore, to use the latter numerical methods, we must
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reformulate our models as conservation laws. In this section, we proceed to show how this can be
done.
It is easy to see thaB8(1), (3.2) and @.3) can be written as the following conservation law:

0 €ou
+ =0, (4.2)
ou/, eou? 4+ e o7 /y «

by adding 8.1) multiplied byu to (3.2) and eliminating the pressure from the latter \83].
For the WNE, however, the first step is to rewrigeq) as a first-order system of equations. Hence,
let us recall the following relationd 0, 11, 16):

¢X = u5
4.2)
¢ =et(1-0)
Employing the latter we obtain the following first-order system of equations:
0= 3@ —?| +elll - = DA-)lulk =0, w3
Ut + € tox = 0.
Now, we introduce the variable transformation
- def
8= 0-3B-9)W = 0 =05+38-7)W (4.4)

which, upon substitution intad(3), results in the following conservation law for the WNE:
<a> +<f{1—(y—1)[1—é—%(3—y)62u2]}u> o @5)
U/t €15+ 33— p)eu? .
In a similar fashion, the IKE, given by3(6), can be recast as the first-order system

[ yo— 3@ —1)0? ezuz] +eux =0,
(4.6)

ut + E_lgx = O

Then, we introduce the variable transformation

- def 1 ~
8=y0—30 —1)0,2—62U2<=>Q=m [V :F\/VZ—Z(V —1)(62u2+2)}, (4.7)

where the minus sign must be selected because we requi@ thad asp, u — 0. Upon substitut-
ing the latter into 4.6), we find that the conservation law corresponding to the IKE is

() ( « ) o “8)
u/y  \-le(r =DI"r2-20 - (2 +3)/,
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Again, using the identities ird(2), the LWE, given by 8.7), can be written as the following
first-order system of partial differential equations:

[(y +20—-3(y + 1)22L +eux =0,

(4.9)
ut + 6_1QX = O
Then, we introduce the variable transformation
- def 1 -
B0 +0-30 + D’ == ] [y +2F \/(V +22-2(y +a |, (4.10)

where, again, the minus sign must be selected because we requige-thd asp, u — 0. Upon
substituting the latter into4(9), we find that the conservation law corresponding to the LWE is

0 €u
<Q> + =0. (4.11)
u/ \-le( + D176 +22 -2 + D3 )

Henceforth, in order to avoid ambiguity, we refer to the conservation law reformulations of the
model equations derived in this section, that4s}), (4.5, (4.8) and @.11), as the Euler equations
conservation law (EECL), the weakly nonlinear conservation law (WNCL), the inviscid Kuznetsov
conservation law (IKCL) and the Lighthill-Westervelt conservation law (LWCL), respectively.

5. What makes one weakly nonlinear model better than another?

In this section, we give an argument, based on the first-order system formulation of the model
equations, of why the LWE performs significantly worse than the IKE and WNE, and why the
WNE is the ‘truly consistent’ weakly nonlinear model.

From the theory of characteristic&l]), we know that a nonlinear acoustic wave has an amplitude-
dependent propagation speed. That is, a fluid particle of certain density and velocity moves in space
with a speed determined by the corresponding eigenvalue of the system of equations, which may
depend on the density and velocity of said fluid particle. Therefore, we must analyse the structure
of the first-order system formulation of the approximate equations to gain insight into the behavior
of their (nonlinear wave) solutions.

To this end, after some algebraic manipulations, the WNE system, givérBjn¢an be rewritten

as
(e) (26u el—(y —1)(1—2)]> 0
+ () =0, (5.1)
u t E_l 0 u X

and we find that the eigenvalues of the coefficient matrix are

/11’2=6U:i:\/62U2+(V —Do+2—1y. (5.2)

Since the square-root function is positive and monotone, we havéihatl, andi1 2 € R for all
t > 0, as long as its argument remains non-negative, that is,

y=2<@ —Do+eu’ = 0> (y —2)/(y — 1) + O(); (5.3)
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this gives an upper limit of validity for the WNE. However, it is important to notice here that, since
o > 0, the bound in%.3) is always satisfied. Hence, no matter how lagges, (5.1) is strictly
hyperbolic (and thus remains valid) providged< 2, which is always true for gases, @).

Similarly, the IKE system, given in(6), can be recast as

2¢u €

<Q> +|7=-0-De »-0-De <Q> =0, (5.4)
U/ e 1 0 U/

and we find that the eigenvalues of the coefficient matrix are

eut /e +y —(y — g
y — @ —De

As before, we have thait; # 1, andi; € Rforallt > 0, as long as the argument of the square

root remains non-negative, that is,

(y —Do <e?u?+y =0 <7/(y — 1)+ O(@); (5.6)

this gives an upper limit of validity for the IKE.
Also, the LWE system, given i(9), can be re-expressed as

A2 = (5.5)

€
0
(Q) + y+2-(0 +De <Q> =0, (5.7)
u/y el 0 U/«
and we find that the eigenvalues of the coefficient matrix are
+1
A2 = (5.8)

Vi+2-0+De
Again, A1 # A2 andi12 € Rforallt > 0, as long as the argument of the square root in the
denominator remains positive, that is,

(+De<y+2=0<(@ +2/( +1). (5.9)

Consequently, the LWE is strictly hyperbolic only when the latter inequality is satisfied.

Here, it is important to note that the WNE has the least restrictive requirement (in fact, one that
is always satisfied for gases) on the value of the density that makes the corresponding first-order
system strictly hyperbolic. On the other hand, both the IKE and the LWE have more restrictive
upper bounds. Therefore, even for not-so-weakly nonlinear waves, we can expect that out of the
three approximate equations considered in this paper, the solutions of the WNE will remain the
closest to the exact ones (that is, those of the Euler equations). However, as long as the physical
setup is within the limits of the finite-amplitude approximation (sngdllall the aforementioned
bounds on the density are satisfied.

Moreover, the eigenvalues of the WNE and IKE systems give®.i®) @nd 6.5), respectively,
depend upon the density and the velocity; therefore, there is a built-in balancing process. Similarly,
if we examine the IKCL and LWCL, given ird(8) and @.11), respectively, we realize that they
are almost identical, except that the second component of the flux vector of the IKCL contains a
term proportional to-u?. Consequently, the flux of the second conserved variable is always less
than the corresponding flux in the LWCL. Therefore, we can deduce that the lack of this ‘balancing
term’ in the LWCL can lead to the premature steepening and breaking of the wave, as we will see
in section6, when a velocity boundary condition (BC) is prescribed.
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6. Numerical results

In (10), we considered the model equations subject only to a BC on the density. Though the latter
provides a good context in which to study the weakly nonlinear models, it is less realistic than a BC
on the velocity. That is to say, the density BC is more difficult to implement in real, physical situa-
tions, while a velocity BC is natural when studying, for example, the motion of pistons. Moreover,
we have shown in1(1) that the velocity BC proves to be ‘more challenging’ for the approximate
models. Therefore, it is important to study the performance of the model equations in the context of
both types of BCs, and we do so in this section.

To this end, we consider the conservation laws derived in sedtitmat is, the EECL, WNCL,
IKCL and LWCL, subject to the initial conditions

p(x,0) =0, u(x,0) =0, (6.1)

and the BCs
{ (density BC) p(0,1)

(velocity BC) €u(0,1)

whereH (-) denotes the Heaviside unit step function, and recall ghatp — 1 denotes the dimen-
sionless acoustic density (or condensation). Note that the first two conditions reflect the fact that
the medium ahead of wave-froit is in its equilibrium state, and the third means that a pulse of
finite duration (or width),, is introduced at the& = 0 boundary at time¢ = O*. For the simula-

tions below, we take, = 1, f(t) = esin(zt), ¢ = 0-26503 and the medium to be air at°2D

(= » = 1.4). Moreover, the spatial interval on which the equations are solved is chosen to be
large enough so that no reflections occur from the downstream boundary. Finally, we note that for
these parameter values, and for both the density and the velocity BCs, the predicted blow-up time
of the acceleration wave's amplitudetis = 1; see Appendix B.

} =[HM® - Ht -t,)] (), (6.2)

6.1 Comparison of the solution profiles

We begin with the comparison of the solutions of the four models prior to the blow-updimie
Figs1to 5, we have plotted the solution of the EECL in blue, the WNCL in magenta, the IKCL in
green and the LWCL in red; the dashed black line is the solution to the linear wave equation, and
the solid black line is the theoretical slope of the curve at the wave-frontBség.(The top row of

each collection of plots shows the results for the density BC, and the bottom row shows the results
for the velocity BC.

From Fig.1, itis clear that, even for times much before the instant of blow-up, the solutions of the
WNCL and IKCL are very close to the solution of the EECL, while the solution of the LWCL is not.
Moreover, the profiles predicted by the WNCL are always closer to the EECL than those predicted
by the IKCL. This shows that the unnecessary approximations made in deriving the IKE and LWE
degrade the performance of these models. In addition, it should be noted that the difference between
the solutions of the WNCL and IKCL appears to be of orders 0-07, at least fot « ts, Which
is quantitatively fully consistent with the approximations we have made.

As discussed inl(0), a weakly nonlinear approximation can eventually lead to a faster steepening
of the profile because of the saturation of the nonlinearity. This is due to the facBt#jat@ntains
a term cubic inp, which the approximate equations lack, that can mitigate the adverse effects of the
term quadratic irp, when the gradients of the potential become considerably large. The saturation
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Fig. 1 Snapshots of the scaled dimensionless acoustic dem&itand velocityu att = 0.-5. In the top and
bottom row of each collection of plots are the results for the density and velocity BCs, respectively. The color
convention is as follows: in blue is the EECL, in magenta is the WNCL, in green is the IKCL, in red is the
LWCL, in dashed black is the linear wave equation and in solid black is the theoretical tangent at the wave-front

of the nonlinearity is enhanced in the IKCL and LWCL, whose solutions steepen faster than that
of the WNCL, resulting in a larger deviation from that of the EECL, as shown particularly well by
Figs2 and3. Furthermore, the numerical results shown in the latter figures suggest that the velocity
BC triggers a faster response from the nonlinear terms than the density BC, thus the solutions of
the WNCL and IKCL end up more than twice the distance from the reference (EECL) solution as
compared with the density BC case.

The important result here is that the profiles predicted by the WNCL are in very good quantitative
agreement with the corresponding exact (EECL) profiles, while the profiles predicted by the IKCL
and LWCL are not. In particular, the solution of the LWCL appears to break prematurely by/at
t = 0-75 in the case of the velocity BC (see the bottom row of B¢ The formation of a shock
before the blow-up time of the acceleration wave, as predicted by singular surface theory, means that
the mechanisms of wave steepening (that is, the cumulative effects of nonlinearity) in the LWCL
operate at a faster rate than in the other models.

Figure3 shows the situation at the instant of blow-up, that is, t.,. The solutions of the WNCL
and IKCL follow strictly the steepening pattern of the exact (EECL) solution. Though the amplitude
of the wave is slightly exaggerated, the slope of the numerical solution at the wave-front is in very
good agreement with that of the theoretical tangent line (BeB)( which is exactly vertical in
this case. The LWCL again demonstrates an incorrect steepening mechanism; in the case of the
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Fig. 2 Snapshots of the scaled dimensionless acoustic dem&itand velocityu att = 0-75 for the density
BC (top row) and the velocity BC (bottom row). The color convention is the same as it Fig.

velocity BC, the solution has advanced beyond the wave-front and is considerably different from
the reference one since it appears to have already formed a shock sylat5.

Figure 3 also illustrates the following interesting result. If the LWCL profile in both the upper
panels were replaced with the one from the lower left panel, then the ‘transplanted’ LWCL profile
would be in closer agreement (near 0-4) with the existing EECL, WNCL and IKCL profiles,
for both the density and the velocity. This observation serves to highlight the extent to which the
gualitative behavior of the solution changes when terms containing different partial derivatives are
swapped. Since, in the derivation of the LWE, a term proportional to the velocity (thit)isyas
replaced by a term proportional to the density (that${3, then imposing the BC on the velocity
makes the latter behave similarly to the density in the other models when a density BC is imposed. In
a sense, the LWE does not correctly ‘recognize’ the physical quantity called velocity. All this means
that the LWE presents a distorted physical picture and should not be used for actual modeling of
acoustic wave propagation.

Figures4 and5 show that the same observations are true for times beyond the instant of blow-up.
At this point, the WNCL and IKCL show an, albeit small, increase in the speed of the shock wave,
while the LWCL is completely wrong. The faster (compared to the EECL) shock speed predicted
by the approximate models can be explained by invoking the Rankine—Hugoniot conditi®ns (

13, 41), appropriately formulated for the conservation laws derived in seetidn other words,
the saturation of the nonlinearity in the approximate models results in excessive steepening of the
wave-form; and thus, the amplitude of the shock wave (when it forms) is larger for the latter than for
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Fig. 3 Snapshots of the scaled dimensionless acoustic dem&ityand velocityu att = 1.0 for the density
BC (top row) and the velocity BC (bottom row). The color convention is the same as it Fig.

the EECL. Therefore, the discontinuity propagates faster than predicted by the EECL. Furthermore,
in the vicinity of the shock, the solution of the WNCL is closer to that of the EECL than the solution

of the IKCL. Consequently, it is clear that, in the context of finite-amplitude acoustics, the WNE is

a better choice than the IKE. Of course, this should not be a surprise; as we have already mentioned,
the IKE embodies an additional (unnecessary) approximation.

6.2 Quantifying the error in the approximate equations

Following the same color convention established in Bigin the left column of Fig6 we have
plotted theL 1-norm of the difference between each of the approximate solutions (that is, those of
the WNCL, IKCL and LWCL) and the reference (EECL) solution, as a function of time, for the
density. That is to say, we plot the quantity

N-1
1
Lérror(t) = N E |Qapprox(xi , 1) — oexactXi, 1), (6.3)
i=0

where N is the number of computational cells used axdis the center of each one (see
Appendix A). Even past the blow-up time of the acceleration wave (or shock formation), the latter
guantity is a good measure of the error because the weak solutions to the conservation laws (that
is, shocks) are no longer continuous functions but only integrable (that)gunctions (L3). Note
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Fig. 4 Snapshots of the scaled dimensionless acoustic dem&itynd velocityu att = 1.5 for the density
BC (top row) and the velocity BC (bottom row). The color convention is the same as it Fig.

that pexactStands for the numerical solution to the EECL and not an analytical exact solution to the
initial-boundary value problem.

The trend of the error curves is similar for the two types of BCs we considered. There is a
saturation of the error with time, which correlates with the fact that the profiles of the solutions
eventually ‘break’ due to a combination of nonlinear steepening and blow-up of the acceleration
wave, at which point the profiles no longer change rapidly in time. In other words, as the steepening
occurs initially, we see the rapid error growth, thereafter the error’s order of magnitude is more
or less constant. The most important result (see dl4y (s that the LWCL error is consistently
an order of magnitude larger than the IKCL error, which further exemplifies the inadequacy of the
LIA for nonlinear waves. Moreover, the WNCL error is, on average, half an order of magnitude
smaller for the density BC and a third of an order of magnitude smaller for the velocity BC than
the respective IKCL error. This shows that the WNE is consistently performing better than the IKE
and, of course, the LWE.

Furthermore, in the right column of Fi§, we have plotted the maximal percent error between
the approximate solutions and the reference solution. The latter quantity is defined as

Xj 5 t - X s t
Perror(t) = _max CapproiX. D = Levacl- 1)
0<i<N-1 Oexac(Xi, t)

Naturally, it is only well defined up to the moment of blow-up (or shock formation) since it presup-
poses the solution has meaningful point value3).(

x 100 (6.4)
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Fig. 5 Snapshots of the scaled dimensionless acoustic dem&itynd velocityu att = 2.0 for the density
BC (top row) and the velocity BC (bottom row). The color convention is the same as it Fig.

The maximal error of the LWCL solution is as much as 20 per cent, which corroborates the results
in the literature 11, 14), while that of the WNCL and IKCL solutions is less than one per cent and
two per cent, respectively. What is important to note is that at the time of shock formation, the
maximal percent error in the solution to the WNCL is half that of the IKCL, for both the density
and the velocity BCs, showing once again that the WNE consistently performs better than the IKE.

Finally, so as not to belabor the point, we have only shown the error in the density, since the trend
of the error in the velocity is similar.

7. Conclusions

In this paper, we have presented an in-depth comparative study of four different models of lossless,
nonlinear acoustic propagation: the (exact) Euler equations, a straightforward weakly nonlinear
equation (WNE), the inviscid version of Kuznetsov’s equation (IKE) and the Lighthill-Westervelt
equation (LWE). Upon applying the further assumption, beyond those on the fluid/flow, 4,
we obtained the WNE from the Euler equations as a finite-amplitude, or weakly nonlinear, approx-
imation. Then, we showed how the IKE and LWE can be derived from the WNE under further
approximations. Using this unified framework of the model equations, we have provided a critical
discussion of the adequacy and utility of the various ‘standard’ approximations.

Furthermore, we presented a novel reformulation of the three weakly nonlinear models as hyper-
bolic systems of conservation laws, which allowed us to employ a Godunov-type finite-difference
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scheme to numerically solve the three model equations. In this manner, we obtained (expounding on
our previous work11)) numerical solutions for the WNEs for times exceeding the instant of blow-

up (or shock formation). This gave us the unique opportunity to subject the approximate models to
rigorous ‘interrogation’ and to ascertain the limits of their validity.

The main result of the present work is that the WNE is, both quantitatively and qualitatively, a
much better model (that is, it performs better for longer times and larger Mach numbers) of acoustic
waves in lossless fluids than its siblings: the IKE and the LWE. This extends our previous result
(12) to include the WNE, namely, we show that, while the WNE’s and IKE’s solutions remain close
to the reference one (Euler), the LWE's does not since the latter model is ‘crippled’ by use of the
LIA, giving acceptable results only far< to ande « 1.

A far-reaching conclusion of this paper (supporting our previous oh@sl()) is that cumula-
tive nonlinear effects, such as nonlinear steepening, are significantly affected by the assumptions
made in the weakly nonlinear approximations. That is to say, even though (as testified by the sin-
gular surface theory analysis) the dynamics at the wave-front are identical in the approximate and
exact equations (when the medium ahead of the wave-front is in its equilibrium state), the cumula-
tive effects of nonlinearity can lead to steepening and even breaking (shock formation) behind the
wave-front (recall the bottom row of Fi@). It was only possible to discover the latter effects after
reformulating the model equations as conservation laws and using the powerful numerical tool of
Godunov-type schemes.
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Another important finding was that the cubic nonlinearity in the PEE (thaRi&8(and (3.4))
plays a crucial role in the development of a wave-form. In particular, even though the cubic term is
an order of magnitude smallerédrthan the quadratic term, neglecting the former can noticeably alter
the long-time dynamics because it ‘saturates’ the nonlinearity. That is to say, the cubic term tends to
limit the nonlinear steepening of the wave because it has the opposite sign from the quadratic term,
mitigating the adverse effects of the latter. For this reason, all three weakly nonlinear models tend
to artificially amplify the cumulative nonlinear effects.

Finally, we note that future work could include studyirj24) the exact potential equation for a
barotropic fluid with a quadratic equation of state, which involves the Lamieftinction, that
we derived in sectio.2 In addition, one could extend the present approach of deriving consistent
weakly nonlinear approximations, and providing numerical results via Godunov-type schemes, to
non-homentropic flows4Q) and/or to the modern theories of gas dynamis.(
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APPENDIX A

The high-resolution Godunov-type conservative numerical method that we used to numerically solve the
conservation law discussed in sectibis known as the MUSCL—Hancock schem&)( which is arO[(Ax)2+
(At)2] accurate method, in regions of smooth flow. In this Appendix, we present a brief summary of the
algorithm.

To this end, consider a generic hyperbolic system of conservation laws:

Qt +F(@Q)x =0, (A1)

whereQ andF(Q) are column vectors containing the conserved quantities and their corresponding fluxes,
respectively. Then, given the domain, [} we construct a cell-centered grid witk cells; that is, letting
Ax =1/N, the cells’ centers are located>qt= (i + %)Ax, 0 < i < N —1. The average dD over theith
cell at timet = t" (that is, at thenth time step), denoted t(yi” and assigned to be the value@fat the cells’
centers, is the quantity we seek to compute.

We approximate the conservation law i {) via the conservative discretization

o+t —gn g A (en g (A2)
TN A Ui-3 0 Ti+g )0 '
whereFi“_l andFi”+l denote the fluxes through the left and right interface of theell, respectively. Hence-

forth, we léave the t%smporal superscriptinderstood.

Since the discretization given il\(2) is only first-order accurate in space and time, we perform a slope-
limited linear (MUSCL) extrapolation of the cell interface values@pbased upon the cell center values to
obtain second-order accuracy in space. In other words, we choose

QR = Qi £ 3mmQi - Qi_1. Qi1 - Q) (A-3)

to be the values o at theith cell’s left and right interface, respectively. In the above equations, the slope in
each cell is determined by the nonlinear ‘minmod’ limiter defined as

mm(a, b) = 3[sgn(a) + sgn(b)] - min(jal, |b]), (A.4)
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where sga) = |a|/a for any reala # 0, and it vanishes otherwise. The nonlinear limiter ensures that no
spurious oscillations are introduced in the solution.

Upon extrapolating the cell interface value<fwe perform a non-conservative predictor time half-step to
obtain the evolved cell interface values:

LR LR, 1At
QI = Qi + 2 AX

Then, we set up a local Riemann problem (RP), that is, a Cauchy problem with discontinuous initial data, on
each cell interface of the grid. We continue by computing the flux through the cell interfaces from the solution
to the local RPs.

In order to decrease the computational time and the complexity of the algorithm, we solve the RP at each
interface by the approximate method of Harten, Lax and van Leer (HL2,)13, 43). So, we take

e _ SEFQD - SFQL) + ST @ - QD)
i+§ %‘ — S__

where§ andSg (by assumption§ < SR) denote (estimates of) the speed of the fastest- and slowest-moving
waves in the solution of the RP, respectively, wgh = min(0, S_) and$ = max(0, SR). Various choices
for the wave speeds can be found in the literatd2 {3). Note that computing the intercell flux vi&\ ()
from the evolved dataX(.5) used as the initial condition for RP constitutes a corrector time half-step, resulting
in a scheme that is second-order accurate in time.

The stability of any explicit finite-difference method, such as the one described above, is contingent upon
the Courant—Friedrichs—Lewy (CFL) condition, that is, the time step must be such that

[F(QH) — F(QR)]. (A.5)

. , (A6)

i+3

FhaxAt" < Ax = At" = CcrLAX/ Shaw (A7)

where S}, 5« denotes the speed of the fastest intercell wave attime" andCcp| the Courant—Friedrichs—
Lewy number (O< CcpL < 1). In practice, the&€cp is determined empirically so that the scheme is stable.
According to this condition, a new time-step six€” is determined at the end of each time step.

Furthermore, the physical problems that we solve in sedioequire the use of both transmissive and
reflective BCs. These BCs are implemented via two ‘ghost’ c&élsX2, 13) at each end of the grid.

Finally, all results in this paper are for= 3-0 andN = 4000. Moreover, we chosecg = 1.0 for the
Euler equations, the IKE and the WNE; however, for the LWE we were forced t€gge = 0-3 due to
stability issues.

APPENDIX B

The evolution of an initial discontinuity in the acceleration for times before the formation of a shock is
successfully described by the theory of singular surfat®s26, 44). Since we carried out a detailed study of
acceleration waves based on the (fully nonlinear) 1D Euler equatiod®,d1), we present here just a brief
outline of these results for the convenience of the reader.

Consider a smooth planar surface- X (t) that is propagating, say, to the right, with speed (as measured by
an observer at resy (>0) along thex-axis of a Cartesian coordinate system. Let the speedi with respect
to the fluid, which we take to be a perfect gas, immediately ahead oflit (>eD). Here, a 4+’ superscript
denotes the region into which is advancing and a-’ superscript denotes the region behiBidFurthermore,
suppose that both andp are continuous functions of andt, but that at least one of their first derivatives,
sayu, suffers a jump acrosg, that is, [u] = [e] = O, but [ui] # O. Here, [F] = F~ — F*, where for
any functionF we assume tha ¥ = lim,_, 5 )= F(x, ) exist, and we note thaE* are at most functions
oft only. If F~ % FT, thenX is termed a singular surface; and siriee= u;, the surface® is classified as
an acceleration wavd g, 44). Given the above, and the value aft]] att = 0, we can determinedf] for all
later times using singular surface theory.
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Using Hadamard's lemmd, 25, 45), and the assumptionai] = [¢] = 0, we obtain
VIux] +[ut] =0, V[ox] +[et] =0. (B.1)
By taking jumps of the (dimensional) 1D Euler equations
ot +Ugx +eux =0, o(ut +uux) + px =0, (B.2)

employing the formula for the jump of a productdB] = AT[B] + BT[A] + [.AIL B]. and simplifying,
we get the two additional jump relations

[ot] +uTlox] + ot [ux] =0, o [utl + et u*[ux] + o, [ex] = 0. (B.3)

Using B.1) and B.3)1, we can express the jumpsdn, ot anduy in terms of the jump inut. This yields, after
simplifying and settingA(t) = [ut],

v1ia LA —t B.4
[ux] = - > [Qt]—m > [Qx]—m (8.4)

Next, we recall the well-known expression for the wave speed:
V=utt/pf. (B.5)

where the &’ cases refer to as ‘downstream’ and ‘upstream’ waves, respectively.
For definiteness, let us now assume that the gas aheadisfin its equilibrium state. Thugyt = 0,
ot =00 9) = ca andpy, = c3(y —1)/00, andV = co, Wherecy = /7 /00 denotes the sound speed in
the undisturbed gas. Omitting the details, it can be shown that the jump amplitude is governed by the following
(quadratic) Bernoulli equatiori():

DA

= _AoA%=0 B.6
ot 0 , (B.6)
the solution of which is
A0
Alt) = $, (B.7)
1-— ApA(O)t

whereAg = Cal(y + 1)/2 is a positive constant, the 1D displacement derivafly@t gives the time rate of
change measured by an observer traveling &ithnd the value of ji;] at timet = 0 is denoted byA(0)(#£0).
According to B.7), the evolution ofA(t) can be qualitatively described as follows:

@) If A(0) < 0[= thatX is expansivel9)], thenA(t) — 0 from below ag — oo.
(i) If A(0) > 0 [= thatX is compressivel9)], then lim_ ¢ A(t) = oo, where the breakdown tirmg, is
given byts = [AgA(0)] L.

Note that case (ii) gives the condition for finite-time blow-up. Finally, in terms of the non-dimensional variables
given in (.4), the breakdown (or blow-up) time is given by, = 2[e(y + 1) A(0)] L.
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